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1. Introduction 

The Dixmier trace t w arose from the problem of whether the algebra B(7i) of all bounded 
linear operators on a Hilbert space Ti had a unique non-trivial trace. Dixmier resolved this 
question in the negative in 1966 in a note in Comptes Rendus [41]. To construct the trace he 
used an invariant mean ui on the solvable 'ax+b' group. His trace vanishes on the ideal of trace 
class operators and hence is completely disjoint from the usual trace. It is also non-normal. 

Applications of the Dixmier trace to classical geometry are facilitated by a remarkable 
result [33] relating the trace to the Wodzicki [93] residue for pseudo-differential operators on 
a closed manifold. The latter was introduced independently by Adler [1], Manin [76] in the 
one dimensional case and developed further by Wodzicki [93] and Guillemin [62] in higher 
dimensions. The intriguing and most useful property of the Wodzicki residue apart from its 
computability in examples is the fact that it makes sense for pseudo-differential operators of 
arbitrary order. Moreover it is the unique trace on the pseudo-differential operators which 
extends the Dixmier trace on operators of order ^ minus the dimension of the underlying 
manifold [33]. 

Both the Dixmier trace and the Wodzicki residue play important roles in noncommutative 
geometry and its applications [31, 57]. In particular, the Dixmier trace r w is an appropri- 
ate noncommutative analogue of integration on a compact n-dimensional Riemannian spin 
manifold M, more exactly 

(1) tM(x)\DD = / /(ar)dvol, 

(2TT) n n J M 

where / is a smooth function on M, D is the Dirac operator on M, rj ra _i is the volume of 
n — 1 -dimensional unit sphere and dvol is the Riemannian volume form. The usefulness of 
the Dixmier trace is extended by the results of Connes [31] which relates it to residues of zeta 
functions. 

Important applications which we do not have the space to include are to the theory of 
gravitation, classical field theory and particle physics. The former is well covered in the book 
[57] and has its origins in the relationship of the Wodzicki residue of powers of the Dirac 
operator to the Einstein-Hilbert action [33]. Equally we do not try to cover other material in 
the books [31] and [57] which describe several interesting physical applications of the Dixmier 
trace. We refer the reader to the survey [34] and the extensive literature on the application of 
noncommutative geometry to the 'standard model' of particle physics where, starting with an 
elegant expression for a noncommutative action principle expressed in terms of the Dixmier 
trace, Connes and Lott [39] and Connes [35] show how to derive from it the Euclidean version 
of the action for the standard model. Analogously, one may also give a noncommutative 
formulation of the Hamiltonian version of classical field theory again using the Dixmier trace 
[65]. Some background to these developments is provided by [67]. 

These applications to physics can be traced back to the research announcement [38] where 
a series of foundational results are described (some of these were later collected in [31]). After 
calculating the Dixmier trace for pseudodifferential operators Connes obtained the Yang-Mills 
and Polyakov actions from an action functional involving the Dixmier trace. The theorem on 
a residue formula for the Hochschild class of the Chern character, which we will describe in 
Section 17, was also announced. The next step appears in [37] where Connes introduced the 
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axioms of noncommutative spin geometry for a noncommutative algebra A. The very first 
axiom uses the Dixmier trace to introduce a noncommutative integration theory on A which 
is completely natural in view of (1). This point of view resurfaces in our discussion of Lesch's 
index theorem in Section 16 although we will not digress further to introduce the other axioms 
of Connes except to mention in Section 17 the role of the Hochschild class. 

While these applications to physical theory form a motivational background they are not the 
focus of this article. Our aim is to give a unified and coherent account of some recent functional 
analytic advances in the theory of Dixmier traces. In addition to surveying these new results 
we also offer in some cases new proofs. Part of our motivation is to extend and clarify questions 
raised by [31] Chapter IV. Specifically we characterise the class of measurable operators defined 
in [31], explain the role of the Cesaro mean in Connes' version of Dixmier traces (called Connes- 
Dixmier traces here) and give a complete analysis of zeta function formulae for the Dixmier 
trace. Most importantly, however, our whole treatment is within the framework of 'semifinite 
spectral triples' which we explain in Section 8. This notion arises when one extends the theory 
in [31], which deals with subalgebras of the bounded operators on a separable Hilbert space 
equipped with the standard trace, to the situation where the von Neumann algebra of bounded 
operators is replaced by a general semifinite von Neumann algebra equipped with some faithful 
normal semifinite trace (cf [7]). As a result of the extra effort needed to handle this level of 
generality it is possible to find improvements even in the standard type / theory of [31]. A 
number of authors have contributed to the development of this framework and new applications 
of Dixmier and more general singular traces [2], [3], [4], [8], [10], [32] [19], [20], [21], [22], [23], 
[24], [25], [47], [48], [58], [59], [68], [83], [61], [60], [91]. ' ' 

Our exposition is organized around three issues. The first issue dominates the early part of 
the article (culminating in Section 6) and gives the characterization of measurable operators 
in the sense of [31] Section IV. 2. We approach the topic from the study of the general theory 
of singular symmetric functionals (this and its preliminaries occupy Sections 2 to 5). Our 
exposition is based on the approach articulated in [47, 25], which considers such traces as 
a special class of continuous linear functionals on the corresponding operator ideals. Many 
features of the theory may be well understood, even in the most trivial situation, when the 
von Neumann algebras in question are commutative. In this situation, the theory of Dixmier 
traces roughly corresponds to the theory of symmetric functionals on rearrangement invariant 
function spaces [45, 46, 47] and allows an alternative treatment based on the methods drawn 
from real analysis. 

In preparation for the rest of the paper we then introduce the notions of semifinite spectral 
triple, type II spectral flow and some notation for cyclic cohomology. This leads us into the 
second issue, occupying Sections 10 and 12, where we describe the expression of the Dixmier 
trace in terms of residues of zeta functions. The key observation, made in Section 4, that 
enables us to prove a considerable generalisation of Proposition IV. 2. 4 of [31] and also the 
measurability theorem of Section 6, is the existence of two kinds of Dixmier trace. One is 
associated with the multiplicative group of the positive reals and its invariant mean and the 
second, which is naturally associated with the zeta function, arises from the invariant mean of 
the additive group of the reals. The relationship between the two captures the formula for the 
Dixmier trace in terms of the zeta function. 
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These results use the language of spectral triples and lead naturally to the third issue, 
namely some applications, which begin in Section 11. We give a proof of (an extension of) 
the heat semigroup formula of [31] (pp 563) for the Dixmier trace. We then give a formula 
for the index of generalised Toeplitz operators (Section 13), describe a special case of the 
Wodzicki residue formula of Benameur and Fack [10] for pseudodifferential operators along the 
leaves of a foliation and discuss in Section 15 a similar formula for pseudodifferential operators 
with almost periodic coefficients. The formula of Section 13 has, as a consequence, the index 
theorem of Lesch for Toeplitz operators with noncommutative symbol and this is described in 
Section 16. An extension of Theorem IV. 2. 8 of [31] on a residue formula for the Hochschild 
class of the Chern character of Fredholm modules is given in Section 17 (see also [10]). 

Finally, following [8], we show how Lidskii's formula may be extended to Dixmier traces 
in the von Neumann setting in Section 18. In a series of corollaries we explain its relevance 
to the question of measurability. In [31], except for the case of pseudodifferential operators, 
measurability results are proved for positive operators. The approach of [8] allows one to 
address the problem of removing the positivity assumption. 

We present below a short list of symbols and terminology used in this paper with the 
indication of the place where these symbols and notations are introduced: 



• Symmetric and rearrangement invariant (r.i.) functionals and rearrangement invariant 
spaces E(J) (Section 2, Definition 2.1); 

• Marcinkiewicz spaces, M(ip), C^ 1 ' 00 ^, £fe°°) (Section 2.1); 

• Generalized singular value function fJ>r.)(x) (Section 4); 

• Semifinite von Neumann algebra M, faithful normal semifinite trace on M, r. r- 
measurable operators A/", the fully symmetric operator space associated to (N,t) and 
Banach function space E is denoted E(N,t) (Section 2.3); 

• Operator Marcinkiewicz spaces M(ip)(J\f,T) (Section 2.3); 

• Symmetric functionals on a fully symmetric space E = E(0, oo): E* ym (Section 3.1); 

• Sets of states BL(R) , D(R* + ), BL(R + ) (Section 4); 

• Dixmier traces (Definitions 5.1,5.4), traces Ft,Ft (Section 5.1); 

• Connes-Dixmier traces t u with to £ CD(W±) (Section 5.2); 

• Measurable operators (Definitions 6.1 and 6.2); 

• Spectral triples (A,7i,V), grading operator T, X-summability (Definition 8.1); 

• QC k semifinite spectral triples (Definition 8.6); 

• Spectral dimension of (-4, TC,T>) (Definition 8.7); 

• Spectral flow sf({F t }), sf(D,uDu*) (Section 9); 

• (6, 5)-cochain, (b, _B)-cocycle, (6 T , B T ) -chain, (b T , B T ) -cycle (Section 9); 

• Zeta functions ((s), (a(s) (Section 10.2); 

• Bohr compactification R%, C*-algebra AP(R n ) (Section 15.1). 



Acknowledgement The authors would like to thank N.A. Azamov and A. A. Sedaev, for 
comments, assistance and criticism. 
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2. Preliminaries: spaces and functionals 



Consider a Banach space (E, \\ ■ \\e) of real valued Lebesgue measurable functions (with identi- 
fication A a.e.) on the interval J = [0, oo) or else on J = N. Let x* denote the non-increasing, 
right-continuous rearrangement of \x\ given by 

x*(t) = inf{s ^ | A({|x| > s}) ^ i}, t> 0, 

where A denotes Lebesgue measure. Then E will be called rearrangement invariant if 

(i) . E is an ideal lattice, that is if y £ E, and x is any measurable function on J with 
^ M ^ then x £ E and \\x\\e ^ H^lls; 

(ii) . if y G E and if x is any measurable function on J with x* = y* , then x 6 E and 
\\x\\e = 1Mb- 

In the case J = N, it is convenient to identify x* with the rearrangement of the sequence 
|x| = {Ixnl}^^ in the descending order. For basic properties of rearrangement invariant 
(=r.i.) spaces we refer to the monographs [69], [71], [72]. We note that for any r.i. space 
E = E{J) the following continuous embeddings hold 

LiDLooCJJC^CLi + LooCJ). 

The r.i. space E is said to be fully symmetric Banach space if it has the additional property 
that if y 6 E and L\ + L oc (J) 3 x -<-< y, then x £ E and ||x||e ^ IMI-E- Here, x -<-< y 
denotes submajorization in the sense of Hardy-Littlewood-Polya: 

f x*{s)ds ^ [ y*(s)ds, Vt > 0. 
Jo Jo 

A classical example of non-separable fully symmetric function and sequence spaces E(J) is 
given by Marcinkiewicz spaces. 



2.1. Marcinkiewicz function and sequence spaces. Let Vt denote the set of concave 
functions z/> : [0, oo) — > [0, oo) such that lim t ^ + ip(t) = and limj^oo ip(t) = oo. Important 
functions belonging to Vl include t, log(l + t), t a and (log(l + t)) a for < a < 1. Let ?/> e fL 
Define the weighted mean function 

1 ft 

a(x,t) = — — — / x (s)ds t>0 
V' (t) Jo 

and denote by M(ip) the Marcinkiewicz space of measurable functions x on [0, oo) such that 

(2) IMImw,) := SU P°(M) = IKav) II oo < °°- 

The definition of the Marcinkiewicz sequence space (m(ip), \\x\\ m ^) is similar, 

X* < oo > . 



f 1 ^ 

m (^) = l x = {x n }™ =1 : \\x\\ mW := sup — — ^ 



The norm closure of M(ip) (1 L l ([0,co)) (respectively, of l\ = ^i(N)) in M(ip) (respectively, in 
m(ip)) is denoted by Mi(ip) (respectively, mi{ip)). For every i/> S f!, we have M\(ip) ^ M(ip). 
The Banach spaces (M(ip), ||.|| M(V)) ), (m(V»), ||.|| mW ), (Mi(^), ||.|| MW ), KW, ||-|| m(s/)) ) 
are examples of fully symmetric spaces [71], [69]. 

Let M+(ip) (respectively, m + (ip)) denote the set of positive functions of M(ip) (respectively, 
m(ijj)). For every x £ M(ip), we write x = x + — x_ , where x + := xx{t-.x(t)>o} an d x - := 
x — x + . The spaces 



£(!.«>):= M(log(l + 1)) n A* and := M(i 1_ p) n L^, Kp< 



oo 



play very important part in the sequel. Note that these spaces are still Marcinkiewicz spaces. 
Indeed, (respectively, £(p>°°) , p > 1) may be identified with the space M(ipi) (respec- 

tively M(ip p ), p > 1), where 



respectively, 



i-log2, Osji^l 
log(l + t), 1 < i < oo 

ft, ^ t < 1 
I 1 ^ t < oo ' 



The (Marcinkiewicz) norm given by formula (2) on the space £(p>°°) is denoted by || • ||(p j00 ): 
1 ^ p < oo . 



2.2. Singular symmetric functionals on Marcinkiewicz spaces. 

Definition 2.1 (cf. [47], Definition 2.1). A positive functional / € M(tp)* is said to be sym- 
metric (respectively, r.i.) if f(x) < f(y) for all x,y € M + (ip) such that x -<-< y (respectively, 
x* = y*). Such a functional is said to be supported at infinity (or singular) if /(|x|) = for 
all x 6 Mi(ip) (equivalently, f(x*x\o,s]) = 0) f° r every x G M(ip) and the indicator function 
X[o yS ] °f the interval [0, s] for all s > 0). 



The following theorem completely characterizes Marcinkiewicz spaces admitting non-trivial 
symmetric functionals. 

Theorem 2.2 ([47, 45, 46]). If tp € n, then 

(i) . a non-zero symmetric functional on M(ifj) (respectively, m(ip)) supported at infinity 

exists if and only if 

(3) liminf^ = l, 

(ii) . a non-zero symmetric functional on M(ip) supported at zero exists if and only if 

(4) liminf^ = l. 
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Thus, for example, {C^))* sym ^ + {0}, whereas (C^)* sym ^ = {0}, for all 1< p < oo. 
The conditions (3) and (4) admit the following geometric interpretation. Let us denote by 
N(ip) the norm closure in M(ip) of the (order) ideal 

AT(^)° : = {/ g M(V>) : /*(•) «S W(-) for some k G N}. 

Clearly, iV(^) is a Banach function space (a subspace of M(ip)) and is rearrangement in- 
variant. Assuming (for simplicity) that ip is linear in a neighbourhood of 0, the space N(ip) 
is fully symmetric (and thus coincides with M(ip)) if and only if (3) fails. In other words, 
M(^)s J/m oo / {0} if and only if N(ijj) / M(^) . For this and other geometric interpretations of 
conditions (3) and (4) we refer the reader to [13], [69, II. 5. 7] and [86]. For various constructions 
of singular symmetric functionals on M(ip) (and more generally on fully symmetric spaces and 
their non-commutative counterparts) we refer to [47], [45], [46]. Constructions relevant to our 
main topic will be reviewed below, in Section 5. 

Our focus on symmetric functionals supported at infinity is explained by the numerous 
applications of their non-commutative counterparts in non-commutative geometry. Non- 
commutative analogues of symmetric functionals supported at zero can be thought of as 
"Dixmier traces associated with von Neumann algebras of type and have not found 

any applications to date. 

2.3. Symmetric operator spaces and functionals. Here, we extend the ideas of the pre- 
vious sections to the setting of (noncommutative) spaces of measurable operators. We denote 
by J\f a semifinite von Neumann algebra on the Hilbert space 7i, with a fixed faithful and 
normal semifinite trace r. We shall be mainly concerned with r(l) = oo, where 1 is the iden- 
tity in N . A linear operator x:dom(x) — > TC, with domain dom(x) C is called affiliated 
with J\f if ux = xu for all unitary u in the commutant J\f' of M ■ The closed and densely 
defined operator x, affiliated with M, is called r-measurable if for every e > there exists 
an orthogonal projection p G N such the p(H) Cdom(x) and r(l — p) < e. The set of all 
r-measurable operators is denoted N . 

We next recall the notion of generalized singular value function [53, 51]. Given a self-adjoint 
operator x in H, we denote by e x {-) the spectral measure of x. Now assume that x is r- 
measurable. Then e^(B) G M for all Borel sets BCl, and there exists s > such that 
r(e' :r '(s, oo)) < oo. For t ^ 0, we define 

Ht{x) = inf{s ^ : r(e |:r| (s, oo)) t}. 

The function fi(x) : [0, oo) — > [0, oo] is called the generalized singular value function (or de- 
creasing rearrangement) of x; note that Ht(x) < oo for all t > 0. For the basic properties of 
this singular value function we refer the reader to [53]. 

If we consider J\f = LqoQO, oo), m) , where m denotes Lebesgue measure on [0, oo), 
as an abelian von Neumann algebra acting via multiplication on the Hilbert space TC = 
L 2 ([0, oo), m) , with the trace given by integration with respect to m, it is easy to see that 
the set of all r-measurable operators affiliated with N consists of all measurable functions on 
[0, oo) which are bounded except on a set of finite measure, and that the generalized singular 
value function (i(f) is precisely the decreasing rearrangement /* . 
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If M = C{H) (respectively, ^oo(N)) and r is the standard trace Tr (respectively, the 
counting measure on N), then it is not difficult to see that N = N . In this case, x G N is 
compact if and only if lim^oo fit(x) = 0; moreover, 

fi n (x) = fi t (x), te[n,n + l), n = 0,1,2,..., 

and the sequence {/U n (x)}^ is just the sequence of eigenvalues of \x\ in non-increasing order 
and counted according to multiplicity. 

Given a semifinite von Neumann algebra (J\f, r) and a fully symmetric Banach function 
space (E, \\ • \\e) on ([0, oo),m), we define the corresponding non-commutative space E(J\f,r) 
by setting 

E(M,t) = {x£M: h{x) G E}. 

Equipped with the norm ||x|| B(A/ . . := ||^(a;)||.E, the space (E(M,t), \\ ■ \\ e(Mt) ) is a Banach 
space and is called the (non-commutative) fully symmetric operator space associated with 
(J\f, t) corresponding to (E, \\ ■ \\e)- If M = ^oo(N), then the space E(M,t) is simply the 
(fully) symmetric sequence space £e, which may be viewed as the linear span in E of the 
vectors e„ = Xr„_i„)! n ^ 1 (see e.g. [71]). In the case (A/", r) = (£(H),Tr) , we denote 
E(J\f, t) simply by E(7i) . Note, that the latter space coincides with the (symmetrically- 
normed) ideal of compact operators on TC associated with (symmetric) sequence space £e (see 
eg [56]). 

We shall be mostly concerned with fully symmetric operator spaces E(J\f, r) and E(TL) 
when E = M(ip), in particular, when E = £(P'°°) , 1 ^ p < oo. We refer to the spaces 
M(ip)(J\f,T) as to operator Marcinkiewicz spaces. Sometimes, for brevity, we shall omit the 
symbols (A/", r) and H from the notations and this should not cause a confusion. 

Further references to the theory of fully symmetric operator spaces can be found in [47, 17, 
18]. 

Definition 2.3. A linear functional ip G E(N,t)* is called symmetric (respectively, r.i.) if 
(p is positive, (that is, (p(x) ^ whenever ^ x G E(Af,r)) and p(x) ^ ip(y) whenever 
li{x) -« ii(y) (respectively, tp{x) = <p{y) whenever x,y ^ and /i(x) = fJ>(y))- 

For a given x G M , the set Q(x) = {y G M : y -<-< x} is called the orbit of the operator 
x. If x G L\{N,t) + J\f, then the set £l(x) is conveniently described in terms of absolute 
contractions. Denote by £ the set of all linear operators T : Li(J\f,r) + N — > Li(ftf,r) + J\f 
such that T{a) G L\(N,t) (respectively, N) if a G Li(M,t) (respectively, J\f) and such that 
II^IIli^.tJ-^LiCJV.t) < !> ll T lk-,AT ^ 1. It follows from [44] that y -<X x, x G Li(Af,r) + AT , 
y G AA if and only if there exists T G £ such that T(x) = y. Thus, 

f2(z) = {Tx : T G £}. 

If E(M, t) is a fully symmetric operator space, we have £l(x) C E(J\f, r) for every x G E(J\f, r) 
and therefore a bounded positive linear functional (p on E(M, r) is symmetric if and only if 
<^(|Tx|) ^ <p(x) for every T G £ and ^ x G E(N, r) . 

Now we assume that a : AA — > AA is a * -automorphism which is in addition trace preserving, 
that is, r(a(a)) = r (a) for all ^ a G A/". It is easy to see that such an automorphism 
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extends (uniquely) to a * -automorphism a : M — > Af , which is rearrangement preserving, that 
is, jJL {a (x)) = n (x) for all x £ Af . Thus, we can view rearrangement invariant functionals on 
E(Af, t) as positive functionals which are invariant with respect to the action of the group of all 
trace preserving * -automorphisms of Af , which is a subgroup of S. If J\f = C(7i), then every 
rearrangement invariant functional on E(H) is simply a trace (i.e. unitary invariant positive 
functional on C(7i)), which extends to a continuous linear functional on E(7i). Clearly, every 
symmetric functional is rearrangement invariant. However, a priori, it is not clear (see [61]) 
whether there exists (for example on the ideal Z^ 1 ' 00 ) (H)) a rearrangement invariant singular 
functional, which is not necessarily symmetric, or whether there exists a trace on £( 1,oc )(7Y), 
which does not coincide with a Dixmier trace (see Section 5 below). Very recently the first 
example of such a trace has appeared in [68]. In fact, if 

(5) Urn = 1, 

then there exists a non-zero trace (or r.i. functional) on every operator Marcinkiewicz space 
M(ip)(Af,r) which vanishes on N(ip)(Af, r) . In particular, if tp(t) = log(l + t), then such a 
functional vanishes on every operator ^ x G C^ 1 ' 00 ^ (M , r) with Ht( x ) = \ ( or ) if A/" = B(7i) 
then on every compact operator 0^i£ C^ 1,00 \H) , such that fj, n (x) = j t , n ^ 1). It is not 
clear yet whether r.i. functionals which are not symmetric exist on every M(ip)(J\f, r) with ■0 
satisfying condition (3). 



3. General facts about symmetric functionals. 



Let E = E(0, oo) be a fully symmetric space. By E + we denote the set of all nonnegative 
functions from E and by E* ym the set of all symmetric functionals of E . 

A positive linear functional ip on E is called normal (or order continuous), if from /„ | 
it follows that tp(f n ) I 0. 

Proposition 3.1. [47] If a functional ip G E* ym is order continuous, then E C L l [Q, oo), and 
ip is proportional to the integral against the Lebesgue measure. 

We define the dilation operator D s as in [69] by D s f(t) = f(t/s) . Note that D s is a bounded 
operator on E and ^ max{l,s}, moreover (D s f)* = D s f* for any function / E E. 

The following result is established in [47, Proposition 2.3] under the assumption that <p is 
symmetric, however the proof holds also for r.i. functionals. 

Proposition 3.2. If ^ if G E* is rearrangement invariant, then tp(D s f) = sip(f) for all 
f £ E and s > . 

A positive ip G -E* is said to be singular, if from ^ ip' ^ (p, p' £ E*, p>' is order-continuous, 
it follows that 99' = 0. 

Proposition 3.3. [47] (i) Every symmetric functional on I? can be uniquely decomposed into 
the sum of a normal functional and a singular symmetric functional. Moreover, the normal 
functional is zero unless BCL^O, 00 . 

(ii) Any singular symmetric functional can be uniquely decomposed into the sum of singular 
symmetric functionals, supported at zero and at infinity. 

(iii) The set of symmetric functionals forms a lattice. 
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The following result shows that every symmetric functional on E admits a "natu- 
ral extension" up to a symmetric functional on E(J\f, r) for every semifinite von Neu- 
mann algebra (M,t). By E(J\f,r) + we denote the set of all positive operators from 



Theorem 3.4 ([47]). Let ip G E* ym . If ip(x) := ip (fi(x)), for all x G E(J\f,r) + , then tp 
extends to a symmetric functional ^ tp G E[M, t)* . 

Proof. It clearly suffices to show that <p is additive on E(M, r)+ . Let x,y £ E(Af, t)+ . 
Since /it(x + y) /^(x) + ^u(y) ([53, Theorem 4.4]), and since <^o is symmetric, it follows that 



To prove the converse inequality, we use the easily verified fact (see e.g. [58, Proposition 1.10]) 
that 



it follows from Proposition 3.2 that 

<p{x) + ip(y) = (p (v(x) + n(y)) 

< 2(^ (L>i/i(x + y)) = ip (fi(x + y)) = <p( x + y)- 

2 

Thus tp is additive on E(J\T, r)+ and this suffices to complete the proof of the Theorem. □ 

Theorem 3.5. Let (JV, r) be a semifinite von Neumann algebra without minimal projections, 
and let E be a fully symmetric Banach function space on [0, oo) . If ^ tp G -E(AA, r)* is 
a symmetric functional, then there exists a symmetric functional ^ tpo G £7* such that 
y>(x) = (f (fj,(x)) for all < x G E(J\f,r). 

Proof. It is sufficient to show that there exists a symmetric functional ^ po G E'fO, r(l))* 
satisfying tp{x) = <po(p(x)) for all ^ x G E(M,r). Let be the commutative von Neu- 
mann algebra Loo[0, r(l)), with trace given by integration. The algebra M. may be identified 
with the space of all measurable functions on [0, r(l)) which are bounded except on a set of 
finite measure. Since M. does not contain any minimal projections, there exists a positive 
rearrangement-preserving algebra homomorphism J : Ai — > J\f ([18, Lemma 4.1], [43, Theo- 
rem 3.5]). Let < tp G E(N,t)* be symmetric. For / G £[0,r(l)), define ip (f) := tp(Jf). 
It is clear that ^ tpo G E[0, r(l))* is symmetric. Moreover, if ^ x G E{M,t), then 
n(J(n(x))) = n(x) and hence v?(x) = ip(J([i(x))) = pq(h(x)). □ 

It is even easier to see that the correspondence between the sets E* ym given in Theorems 3.4 
and 3.5 also exists for the set of symmetric functionals {^E)* sym and {E{H))* sym . Furthermore, 
as the following result shows there exists a simple connection also between the sets {(-E)* sy m 
and E* ym . 

Theorem 3.6 ([47]). Let E be a fully symmetric Banach function space on [0, oo) and let 
E{H) be the corresponding ideal of compact operators on infinite-dimensional Hilbert space 
H. If ^ tp G E(J\f,r)* is a symmetric functional, then there exists ipo G E* ym such that 
<p(x) = po(fj,(x)) for all x G E(M,r) + . 



E(M,t). 



p(x + y) = poi^x + y)) < Mv(x) + Kv)) = vfa) + <p(y)- 





Observing that (6) is equivalent to the submajorization 

(7) n(x)+fi(y) -« 2D li i(x + y) 
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Now, let us consider the following question naturally arising from Theorem 3.4 and suggested 
in [61]. Suppose that E (respectively, £e) is a fully symmetric function (respectively, sequence) 
space and (fo is a positive r.i. functional on E (respectively, Ie)- Is the functional 

<p(x) := tpo(ji(x)) 

additive on E(M,t) (respectively, E(7i))? Very recently this question has been answered in 
the affirmative in [68], provided that is a factor. The proof given in [68] is based on the deep 
results from [48] (see also [66, 50]) concerning the structure of the commutator space [I, J] 
spanned by all commutators [T, S] , T £ I , S £ J (here, I and J are ideals of compact 
operators from C(7i)). Note that every r.i. functional on the ideal / vanishes on [I,C(7i)\. 
Many important results from [48, 66, 50] admit an extension to the case of general semifinite 
von Neumann algebras and their ideals [49, 52] 



4. Preliminaries on dilation and translation invariant states. 



A construction of Dixmier traces t w depends crucially on the choice of the "invariant mean" 
uj . In this section we recall and review the most important classes of such means. We denote 
by ^oo = ^oo(N) the Banach space of all bounded sequences of complex numbers. By a state 
on a unital C* -algebra we mean a positive linear functional with value 1 on the unit of the 
algebra. We recall that a positive linear functional L G l*^ is called a Banach limit if L is 
translation invariant and L (1) = 1 (here, 1 = (1, 1, 1 . . . ) ). A Banach limit L satisfies in 
particular L (£) = for all £ G cq (= all sequences from converging to zero). We denote 
the collection of all Banach limits on by BL(N). Note that ||L|| = 1 for all L G BL(N). 



We recall that sequence £ = {£n}^Li G £oo is said to be almost convergent to a G R, 
denoted F- lim £ n = a if and only if L (£) = a for all L G BL(N) . The notion of an almost 

n^oo 

convergent sequence is due to G.G. Lorentz [75], who showed that the sequence {t; n }'^ =1 is 
almost convergent to a if and only if the equality lim - " +1 n+p 1 = a holds 

p^oo p 

uniformly for n = 1, 2, . . . . We denote by ac (respectively, aco) the set of all almost convergent 
(respectively, all almost convergent to ) sequences from . Clearly, ac and aco are closed 
subspaces in . We define the shift operator T: — > l^, the Cesaro operator H : — > 
and dilation operators D n : — ► for n G N by formulas 

T(X!,X 2 ,X 3 , . . . ) = (x 2 ,X 3 ,X4,...). 
„ i \ , Xl + X 2 Xi + x 2 + x 3 

H (xi,x 2 ,x 3 ,...) = (xi, , ,...), 

D n (xi,x 2 ,x 3 ,...) = (xi, . . . ,xi,x 2 , . . . ,x 2 , . . .), 

V v ' V v ' 

n n 

for all x = (xi,x 2 ,x 3 , . . . ) G l^- 

Each of the above operators is positive and leaves invariant the unit element 1 of the algebra 
^oo and consequently is bounded with the norm equal to 1. Moreover, {D n }™ =1 is an abelian 
semigroup. The main tool in our construction of various classes of invariant means is the well 
known Markov-Kakutani fixed point theorem. 
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Theorem 4.1 (Markov-Kakutani) . Let F be a locally convex Hausdorff space and let K be a 
non-empty convex compact subset of F . Let T be an abelian semigroup of linear continuous 
operators on F such that S(K) C K for all S £ T. Then there exists x £ K such that Sx = x 
for all SeT. 

It is easy to see that the set of all fixed points from Theorem 4.1 forms a convex compact 
subset of K. 

We shall be applying the Markov-Kakutani theorem in the setting when F = (loo)*-, 
(Loo(R))*, (Loo(IR^_))* equipped with the weak *-topology. For simplicity of exposition we 
present the proofs only for the first case. 

Lemma 4.2 ([46, 25]). The following is true. 

(i) D n T = T n D n Vn> 1; 

(ii) iTT:r — THx £ cq V x £ loo ', 
(Hi) HD n x — D n Hx G Co V x £ loo- 
Proof. The proof of (i) is straightforward. For the proof of (ii) note that for all x £ loo 



\(HTx) k -(THx) k \ 



1 x 2 -\ h X k+ i 



k + l 

which shows that HTx — THx £ cq. 



fc + 1 



Xl 



k + l' 



We now indicate the proof of (iii). Let n ^ 1 and x £ loo- For 1 ^ k £ N there exist I ^ 1 
and 1 ^ r ^ n such that k = (I — l)n + r. Hence 



1 fc r 
(HD n x) k = - ^2(D n x)i = T^2xj + t x i 



i=i 



and 



1 ' 



Noting that, nl — k = n — r^n and rl — k ^ nl — k ^ n, it follows that 



|(^D n s) fc -(D n ffa;) fc | 



z-i 



nl — k sr-^ rl — k 
2^ x i + 



A;/ 



kl 



nil \-X \ n , 2n 



A: 



k 



This shows that HD n x - D n Hx £ l^ 1 ^ C c . □ 



Theorem 4.3. There exists a state u on ^ such that for all n ^ 1 

cj oT = cj o H = Co o D„ = lD. 



Proof. Let if = {0 ^ 99 £ (loo)* '■ ¥>(1) = 1, T*<^ = 99} . Since K contains ordinary Banach 
limits it is not empty. It is clear that K is convex and * -weakly compact. We claim that 
D* n (K) C K. Indeed, by Lemma 4.2(i) above we know that T*D* n = D* n (T*) n , hence for 
if £ K 

T*(D* n v)=D* n (T*) n <P = D* n ip, 
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which implies that D^cp G K . Therefore we may apply Theorem 4.1 to the set K and the 
abelian semigroup {D*}° ( L 1 . Consequently the set 

K! = {0 < tp G (4c)* : 99(1) = 1, T*ip = ip, D* n <p = <p, n > 1} 

is non-empty and again it is clear that K\ is convex and * -weakly compact. 

We now show that H*(K{) C K\. To this end, first observe that <p(z) = for all z G cq 
and all y> G ifi (as T*(^ = Given 99 G i^i it follows from Lemma 4.2(iii) that 

(D* n H*ip)(x) - (H*D* n ip)(x) = V (HD n x - D n Hx) = 

for all x G and so 

D* n (H*<p) = H*(D* n <p) = H*<p. 
Similarly it follows from Lemma 4.2(h) that T*(H*(p) = H*ip for all ip G K\. Consequently, 
H*{K\) C K\. Applying Theorem 4.1 to the set K\ and the semigroup {(H*) n }^ =0 , we may 
conclude that there exists uj G K\ such that H*(u) = u, by which the proof is complete. □ 

We define the isomorphism L : L 00 (R) — ► Loo(R+) by L(/) = /olog. Firstly, we define the 
Cesaro means (transforms) on Loo(R) and Loo(R^), respectively by: 

H{f){u) = - I f(v)dv for / € LooOR), « € R 
w Jo 

and, 

M(g)(t) = — / </(s) — for 5 G LooTO, t > 0. 
A brief calculation yields for g G Loo(IR^) , 

L^a,)(r) — ^ g{e«)du = — ^ g(v)- = M(g)(r), 
i.e L intertwines the two means. 

We shall now consider analogues of the operators T, D n and H acting on (R) and 

£00 (R+) • 

Definition 4.4. Let T5 denote translation by ft G 1, D a denote dilation by ^ G and let 
P a denote exponentiation by a G . That is, 

T h (f)(x) = f(x + b) for /GL 00 (R), 
£>«(/)(*) = /(£) for /GLoo(R), 

^ a (/)W = /(* a ) for /gl 00 (r;). 

Some of the basic relations between these Loo spaces and their self-maps are provided for 
easy access by the following proposition, whose proof is similar to Lemma 4.2. 

Proposition 4.5 ([25]). Loo(R) together with the self-maps, D a , T^, and H (a > 0,6 G R) is 
related to L 00 (M^) together with the self- maps, P a , D a , and M (a > 0) via the isomorphism 

L : Loo(R) -> ^oo(R;) 

and the following identities: 
(1) LD1L- 1 = P a for a > 0, 
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(2) LT h L~ x = -D( cxp (b))-i for b€R, 

(3) LHL- 1 = M, 

(4) D a H = ifD a and P a M = MP a for a > 0, 

(5) lim (#T 6 - T b H)f(t) = for / e ^(M) and 6 € R, 

(6) lTm (MD a - D a M)f(t) = for / e Loo(M+) and a > 0. 

t— >oo 

Proposition 4.6 ([25]). If a continuous functional a) on Loo(M) is invariant under the Cesaro 
operator H, the shift operator T a or the dilation operator D a then <j o L _1 is a continu- 
ous functional on L 00 (M^) invariant under M, the dilation operator D a or P a respectively. 
Conversely, composition with L converts an M, D a or P a invariant continuous functional on 
L<x>0^+) into an H, T a or D a invariant continuous functional on L 0Q (R). 

We denote by Co(K) (respectively, Co(M+)) the continuous functions on R (respectively, 
) vanishing at infinity. 

The proof of the following theorem is similar to that of Theorem 4.3. 

Theorem 4.7 ([25]). There exists a state Co on L OG (R) satisfying the following conditions: 

(1) w(C o (R)) = 0. 

(2) If / is real- valued in Loo(R) then 

ess lim inf f(t) ^ &(/) ^ ess lim sup /(t). 

(3) If the essential support of / is compact then u>(f) = 0. 

(4) For all a > and c G R 

uj = ujoT c = ujo D a = uj o H. 

Combining Theorem 4.7 and Proposition 4.6, we obtain 

Corollary 4.8. There exists a state uj on Loo(IR^_) satisfying the following conditions: 

(1) uj(C (R* + )) = 0. 

(2) If / is real- valued in Loo(IR^) then 

ess lim inf f(t) ^ ^ ess lim sup /(t). 

(3) If the essential support of / is compact then oj(f) = 0. 

(4) For all a, c> 

uj = ujoD c = ujoP a = ujoM. 

The results given in Theorem 4.7 and Corollary 4.8 allow one to exercise an alternative 
approach to the theory of Dixmier [41] and Connes-Dixmier traces [31]. Whereas Dixmier's 
original approach is based on the use of dilation invariant functionals, we replace the latter 
with Banach limits (= translation invariant functionals) and make use of the well-developed 
theory of almost convergent sequences. 
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We introduce the following notation 

BL(M) = {the set of all states Cj on Loo(M) satisfying conditions (l)-(3) of Theorem 4.7 

such that Co o T c = Co for every c G R} , 
D(WL+) = {the set of all states u on Loo(IR^) satisfying conditions (l)-(3) of Corollary 4.8 
such that uj o D c = oj for every c G R* + } , 
BL(R + ) = {the set of all states Cj on Loo(R + ) satisfying conditions (l)-(3) of Corollary 4.8 
such that Cj o T c = w for every c G 



The following simple remark plays an important role in the sequel. If uj G D(M*,), then 
L := uj o L belongs to BL(R) . If L G BL(R + ) , then uj := L o L _1 belongs to D(M+) . Finally, 
note that the isomorphism L : Loo(IR) — > L 00 (IR^_) sends the space Cb(M) of all bounded 
continuous functions on R onto the space Cb(M+) of all bounded continuous functions on R + . 
Thus, one can reformulate all the results from Propositions 4.5, 4.6, Theorem 4.7 and Corollary 
4.8 for the spaces of continuous bounded functions on R and R + . 



5. Concrete constructions of singular symmetric functionals. 

5.1. Dixmier traces. If uj is a state on £qq (respectively, on ./^^(M), TvqoQRj,)), then we shall 
frequently denote its value on the element {xj}^ 1 (respectively, / G L oc (M), L oc (M^)) by 
uj- linij^oo Xi (respectively, uj-]im t ->oo /(*))■ Recall that Theorems 4.3, 4.7 and Corollary 4.8 
guarantee the existence of translation and/or dilation invariant states on , L 00 (R) , Loo(IR^_) . 
For simplicity, we explain the construction of Dixmier traces for the ideal of compact operators 
(C^'°°\n), || • || ( i i0o) ) defined in Section 2.1. 

Definition 5.1. Let a; be a D2 -invariant state on . Dixmier trace of T G C^'°°\h) is a 
number 

N 



n=i 

Remark. We have deliberately chosen uj to satisfy only the dilation invariance assumption in 
the proof below, even though Dixmier originally imposed on uj the assumption of dilation and 
translation invariance. We shall discuss differences below. 

Proposition 5.2. t^S + T) = t u {S)+t u (T) VS, T G £<_ 1,oc) (W). 
Proof. Set, for brevity 

N 
n=l 

and note that 

a N (X) = sup{Tr(XP) : P = P{H) is a projection and dimP(H) = TV}. 
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(see e.g. [56, 53]). For a given e > 0, let projections P\ and P 2 satisfy the conditions 
dim Pi (W) = dimP 2 (W) = N and Tr(SPi) > (7^(5) - e, Tr(TP 2 ) > ctjv(T) - e. Setting 
p ■= p 1 v P 2 , we have 

Tr((S + T)P) = Tr(SP) + Tr(TP) > Tr(SPi) + Tr(TP 2 ) > ^(S) + cfn(T) - 2e. 

Since dimP(H) ^ 2iV and e is an arbitrary positive number, we have 

^(S + T^ajvCSJ + ajvCT), TV > 1. 

Setting, for brevity, 

ajV= log(l 1 + jV) ^ ) ' ^ = l g(l 1 +^) gJy(r) ' 7JV= log(l 1 +iV) ^ (g + T) - 
we restate the above inequality as 

io g (2iv + r 



727V > a N + p N , N ^ 1. 



log(A + 1) 
Assume, for a moment, that we know 

(8) to- lim 72/v = lim Tat- 

N^oo N— »oo 

Noting that {72jv}jv^i G ^oo and so 'j^^j 2 ^ 72 v — 72 tv — ► 0, we infer from the above inequality 
that 

7-0,(5 + T) = uj- lim 7^ ^ w- lim cxn + u- lim [i N = t u (S) + t^T). 

N— +00 N—>oo N-^oo 

Since the converse inequality ^(S 1 + T) ^ t u (S) + t w {T) follows immediately from the well- 
known inequality ajy(S+T) ^ aN(S)+aiy(T) (see [56, 53]), the proof is completed. It remains 
to explain equality (8). 

Note that _D 2 -invariance of uj immediately implies that 

^{{12n}n=i) = u{D 2 {~12n}n=i) = ^({72, 72, 74, 74, 76, 76, • • •}) 
and therefore, in order to prove (8) it is sufficient to verify that 

D 2 {12n}n=1 ~ {1n}n=1 = {72,72,74,74,76,76, • • •} - {71,72,73,74,75, •••} G c , 

or equivalently, that 72^ — 727V- 1 — ► 0, as N — > 00. For A ^ 2, we have 

12N ~ 12N ~' = (bg^V " log(2A-l)) a2N - l{T + S) + ioiW • ^ NiT + S) - 
It is obvious that the second summand above tends to as A — ► 00 . Noting that the condition 
T + S G C^°°\H) guarantees a 2 JV-i(T + 5) = 0(log(2A - 1)) and that ^ - 5^=^ = 

o ^ i og ( 2 jv-i) ) ' we see * na * ^ rs * summand also tends to as A — > 00. □ 

Remark 5.3. Consider an isometric embedding i : £00 ^ £00 [0, 00) given by {xj}'jL 1 A 
S^Li XjX[j-ij) , where X\j-ij) is the characteristic function of the interval [j — . Observe 
that if i({77v}Ar^i) = /, then «({72iv}iv^i) = /0D1 . Therefore, the proof of (8) above would 

become trivial, if uj were a Di -invariant state on L^lO, 00). 

2 

Definition 5.4. Dixmier trace of a self-adjoint operator T G £^ 1,00 ^(7^) is t w (T) := r u ,(T + ) — 
To,(T_) and Dixmier trace of an arbitrary operator T G C^'°°\H) is r w (T) := r w (Pe(T)) + 
iT u (Im(T)). 
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Proposition 5.5. Dixmier trace is a (singular) symmetric functional on £( 1,0 °)(7<), such 
that T^iST) = t w (TS) for every T G Z^ 1 ' 00 )^), 5 G B{H). 

Proof. The inequality |r^(x)| ^ 11^11(1, oo) ) x 

G C^'°°\H) , and further that r w is a symmetric 
functional follows immediately from Definition 5.1 and Corollary 4.8. Since every operator 
S G C(7i) is a linear combination of four unitary operators [84, VI. 6], it is sufficient to prove 
the equality t w {UT) = T^iTU) for a unitary U. Since every operator from C{7i) is a linear 
combination of positive operators, it is sufficient to prove the last equality for positive T's. 
In this case, the latter equality follows immediately from the fact fj, n (UTU*) = fi n (UT) = 
Hn(TU) = fi n (T), Vn^l. □ ' 

Definitions 5.1 and 5.4 extend to Marcinkiewicz spaces C^ l,co \M and further to 
Marcinkiewicz spaces M(ip)(N,T) , where ip 6 ft, satisfies condition (5). More precisely, 
fix an arbitrary state to on L 00 (M| f J_) satisfying conditions (l)-(3) of Corollary 4.8 which is 
Di -invariant. Setting 

2 

(9) t u (x) := lo- lim a(x,t), 0^i£ M(i/j)(N,t) 

t— +oo 

and repeating a slightly modified argument (see the details in [47, p. 51]) from the proof of 
Propositions 5.2 and 5.5, we obtain an additive homogeneous functional on M(ijj)(J\f , r)+ , 
which extends to a symmetric functional on M(ip)(J\f, r) by linearity. In the sequel, we refer 
to any functional r w defined in (9), where lo G D(R+) as a Dixmier trace. 

Finally, we note that the duality between the dilation invariant functionals on L^M^) and 
translation invariant functionals on L 00 (M) allows an alternative definition of Dixmier traces. 
For simplicity, we consider this definition only for the space JC,( 1 '°°') (J\f , r) , where (M,t) is an 
arbitrary semifinite von Neumann algebra. 

Let L (respectively, L) belong to BL(R + ) (respectively, BL(N)). We set 

F L (T) : = L- lim - 1 / fi s (T)ds, 
t^oo log(l + e*) 7 



v ' n=l 



where [e^] is the integral part of e N . 

Theorem 5.6. [[25, 45, 46, 74]] For every semifinite von Neumann algebra (J\f, r) and arbitrary 
states L G BL(R + ) and L G f?L(N), the functionals Fl and are symmetric functionals on 
£( 1 '°°)(A/',r). 

The following result shows that the class of Dixmier traces on C^ 1,00 \j\f, r) coincides with 
the sets of functionals {F L : L G BL(N)} and {F L : L G BL(R + )}. The proof of the first 
equality below follows from the remarks at the end of the preceding section. 

Theorem 5.7 ([74, Theorems 2.3,6.2]). For every semifinite von Neumann algebra (J\f,r), we 
have 

{t„ I u G D(R* + )} = {F L | L G BL(R+)} = {F h | L G BL(N)}. 
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The detailed study of the class of concave functions ifj £ Q for which analogues of Theo- 
rems 5.6 and 5.7 hold for similarly defined classes of symmetric functionals on Marcinkiewicz 
spaces M(ip)(Af,T) is contained in [45, 46, 74]. 

5.2. Connes-Dixmier traces. We have shown in the preceding subsection that with every 
state to G D(R* + ) (respectively, L G BL(R + ), BL(R) , L G BL(N)) there exists an associated 
Dixmier trace r w (respectively, a symmetric functional Ft, Ft). It is possible to isolate 
various subsets in the sets of states D(R+), BL(WL + ), BL(M), BL(N) and relate with them 
corresponding subsets of traces. For example, let us consider the sets of all i^-invariant 
(respectively, M -invariant) states on L oc (R) (or £oo) (respectively, L 00 (R!J.)). It is easy to see 
that 
(10) 

{lo : a; is a i^-invariant state on L 00 (R) (resp. £oo)} ^ W '■ w G B-L(R) (resp. BL(N))} 
and 

(11) : is an M-invariant state on Loo(]R^)} ^ {oj : uj G D(R^_)}. 

Indeed, suppose that ^ w G is such that to(l) = 1 and uj(Hx) = oj(x) , for every x G £oo • 
To prove uj(Tx) = lo(x) , x G ^oo, it is sufficient to show that uj(HTx) = u>(Hx), x G f m . 
However, a straightforward calculation yields 

fU^r A / rj- \ ^2 + • • • + x N+1 xi + ... + x N x N+1 -xi 

(HTx) N - {Hx) N = — — = — > 0, as N -► oo. 

Similarly, it can be shown that for every x G L^iR) and 6 G R we have 

lim (HT b x){t)- {Hx)(t) =0 

which establishes (10) and the inclusion (11) follows from (10) via Corollary 4.8. Alain Connes 
in [31] suggested to work with the set of states on L 00 (M^_), which is larger then the set on 
the left hand side of (11). Namely, let us consider the following class of states on L^R;^) 

C-D(Rl) := {Co = 7 o M : 7 is an arbitrary singular state on Cb[0, 00) }. 

It is still easy to verify that CD(R+) ^ D(R+), and then infer the proper inclusion 
CBL(R+) C BL(R+), where 

CBL(R+) :={L = 7oH : 7 is an arbitrary singular state on C&(R+)}, 

from Proposition 4.5. We refer to the subclass of Dixmier traces 

{t w :to£CD(R* + )} 

as the class of Connes-Dixmier traces. The following theorem shows that an analogue of 
Theorem 5.7 also holds for the class of Connes-Dixmier traces. 

Theorem 5.8 ([74, Theorems 5.6, 6.2]). For every semi-finite von Neumann algebra (J\f,r), 
we have 

! r., : u ( CI)[?:. )} {/•• : LGCm(R+)}. 

We complete this subsection with the remark that there is another natural subclass of 
Dixmier traces which is associated with the subset of states on Loo(IR!j_) appearing in Corol- 
lary 4.8 

{co G Loo(IR^)* : is an M-invariant and P a -invariant state on L OQ (R* + ), a > 0}, 
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or equivalently, with the set 

{L G L 00(E)* : L is an i?-invariant and D a -invariant state on ^^(R), a > 0}. 

The class of Dixmier traces associated with the latter set is further referred to as the class 
of maximally invariant Dixmier traces. Clearly, the latter class is contained in the class of 
Connes-Dixmier traces. Maximally invariant Dixmier traces are used in Sections 10 and 11. 

5.3. Rearrangement invariant functionals and singular traces. The class of Dixmier 
traces (and its subclasses) studied in the preceding subsections is a special subclass of 
the general class of (singular) symmetric functionals on the (fully symmetric) operator 
space C( l,co \N ,t) (or, on operator ideal £^ 1,oc \H)). The latter class is, in its turn, a subclass 
of the class of r.i. functionals on C^ l,00 \M , r) . In the case of the operator ideal C^ l,co ^(H) , 
the latter class may be viewed as the set of all (singular) traces on C{7i) , which take fi- 
nite values on the elements from £( 1,00 \H). A literature devoted to general singular traces 
on C{H) is tremendous. We limit our list of papers from this area to the following articles 
[58, 59, 2, 3, 4, 26, 92]. In many cases, the theory of singular traces runs in parallel with the 
theory of symmetric functionals. For instance, results of [2, 92] (respectively, [58]) concerning 
necessary and sufficient conditions on a positive compact operator T (respectively, positive 
r-measurable operators T G Li(M,t) +Af ) for the existence of a singular trace which takes 
a finite non-zero value on T are in fact very close to the result of Theorem 2.2. It should be 
noted that the results [58] are stated for general r-measurable operators and not just for the 
operators from Lx(J\f,r) + N , however not all the results there treating this general case are 
supplied with a reliable proof (e.g. [58, Proposition 3.3]). 

Finally, we point out at the important connections between the theory of general singular 
traces and the study of the structure of commutator spaces for operators acting on a Hilbert 
space (see the comments made at the end Section 3). The latter study is related to cyclic 
homology and algebraic K -theory of operator ideals and is beyond the scope of the present 
survey. For details, we recommend [48, 66, 49, 50, 52]. 

6. Class of measurable elements. 

In this section, we briefly review the notion of measurable operators introduced by 
A.Connes [31]. 

Definition 6.1. T G £( 1,00 )(W) is called (Dixmier) -measurable if t u (T) does not depend on 
the choice of u G D(R* h ) . 

Definition 6.2 ([31]). T G C^ 1,00 \H) is called (Connes-Dixmier) -measurable if t u (T) does 
not depend on the choice of u G CD(M.+). 

Remark 6.3. (i). It is obvious that the sets of measurable operators defined above are 
linear spaces, which are, in fact, closed subspaces of C^ 1,00 \H). However, these sub- 
spaces are not order ideals, in other words, the fact that a self-adjoint operator A is 
measurable does not necessarily imply that A + and A- are measurable operators. 
Example. Take a positive non-measurable diagonal operator A = diag{ai, 02, 03, . . .} 
from £( 1,00 )(W). Define a diagonal operator B by B = diagjai, — 01,02, — (J2, • • •}• Ev- 
idently, B is measurable, moreover t w {B) = for all uj. However, the positive and 
negative parts of B are not measurable. 
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(ii) . Definitions of Dixmier and Connes-Dixmier measurable operators naturally extend [74] 
to Marcinkiewicz spaces £( 1 '°°)(A/',r), where (AT, t) is an arbitrary semifinite von 
Neumann algebra, and further, to operator Marcinkiewicz spaces M(ip)(J\f, r) , for all 
ip satisfying condition (3). 

It is obvious, that every Dixmier-measurable operator is also Connes-Dixmier measurable. 
Our objective in the present section is to describe the classes of positive Connes-Dixmier 
measurable operators and positive Dixmier-measurable operators and to show that these two 
classes actually coincide. To this end, we will need two auxiliary results. 

Theorem 6.4. [63, section 6.8] Let b(t) be a positive piecewise differentiable function such 
that tb'(t) > —H for some H > and all t > C, where C is a constant. Then 

1 /■* 

lim - / b(s) ds = A for some A ^ if and only if lim b(t) = A. 

t^QO t Jo t-+CG 

Imitating the Lorentz definition of almost convergent sequences, a positive function / G 
Cb[0, oo) is said to be almost convergent if all states from BL(R + ) take the same value on this 
function. 

Theorem 6.5. [74, Theorem 3.3] If a function / G Cb[0, oo) is almost convergent to a number 
A then, the following limit 

1 /■* 
hm - / f(s) ds 

t^oo t Jo 

exists and is equal to A. 

Proof. Suppose the result is false. Then there exists a constant c ^ A such that (Hf)(t n ) — ► 
c for some sequence t n f oo. Take the unit ball B of C&([0, oo))* and consider the sequence 
of functionals o~t n (x) = x(t n ), n ^ 1 from B. Since B is weak* -compact, this sequence has 
a limit point V G B. It is easy to see that V ^ 0, F(l) = 1, V(p) = lim n ^ 00 p(t„) = for 
every p G Co[0,oo) and also that V(H(f)) = lim^oo H(f)(t n ) = c. Define the functional L 
on Loo(IR + ) by setting L(x) := V(H(x)). It is easy to verify that L is a state from BL(R + ) 
and that V(f) = A. Thus, the supposition that the result does not hold is false. □ 

The following theorem is the main result of this section. 

Theorem 6.6. [74] A positive operator T from C^ l,co \M, r) is Dixmier-measurable if and 
only if the limit 



lim -. l i + t) j^ s (T)ds 



t^oo log(l 



exists. 

Proof. The "if" part of the assertion is trivial. Now, fix an operator T G C+'°°\N,t) 
such that for g{t) := log( ^ +t) j Q fjt s (T)ds, we have t u (T) = u-]im t ^ (X g(t) = A ^ for every 
uj G CD(M*l). It follows from the remarks made in Section 5.2 that for all L G BL(M + ), we 
have Tr^(T) := L- lim^^oo g(e x ) = A, and therefore, by Theorem 6.5, we obtain 

lim- / [ -i j- / u s (T) ds) dX = A. 

u^uJo hog(l + e^y ^ sV ^ I 
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Setting, 



we have 



Xb'(X) ^ \4r ( — — ^ r fi s (T)ds = — ^ r /i a (T)ds 

dA Viog(i + e A ); y (i + e A )log 2 (1 + e A) y ^ ; 



A 



-^—j- f v s (T)ds>-\\T\\ {hoo) . 
1 + e ) Jo 



log(l + e A ) log( 

Applying Theorem 6.4, we now infer that lim^oo 6(A) = A, and therefore ]imt-K X> g(t) = A. 
□ 

We shall now show that a similar argument as in the proof above yields a stronger result. 

Theorem 6.7 ([74]). A positive operator T from £^ 1,00 \Af, r) is Connes-Dixmier-measurable 
if and only if the limit 



t 



lim — — , / n,(T)ds 

t-*QO l0g(l 



exists. 



Proof. We need only to show the "only if" part. We shall use the notations g(-) and b(-) 
introduced in the proof of Theorem 6.6. Suppose that T G C+'°°\Af,T) satisfies the equality 
A = 7 o M(<7) =70 LHL^ 1 (g) for every state 7 G C£[0, 00) vanishing on Co(0, 00) . 

Note that if 7 is dilation invariant state, then 7 o L is a translation invariant state. This 
remark (and the fact that L : L^M) — > L 00 (1R^_) is an isomorphism) show that HL^ 1 (g) = Hb 
is almost convergent. Applying Theorem 6.5 to the function Hb, we see that the limit 
lim^oo HH(b)(t) exists. Assume, for a moment, that we have already verified the assump- 
tion of Theorem 6.4 for the function Hb. Then, we infer from that theorem that the limit 
lim^oo H(b)(t) also exists, and repeating the application of the same theorem (as in the proof 
of Theorem 6.6), we conclude that there exists the limit lim t ^ 00 6(t), and hence the limit 
liniA^oo g{X) . 



It remains to verify the assumption of Theorem 6.4 for Hb. We have for all A ^ 1 

\b(\)-tib(s)ds 
A 

□ 



mbYW _ "w-J. > _ wu _ |T|| 



Corollary 6.8. The set of all positive Dixmier measurable operators and the set of all positive 
Connes-Dixmier measurable operators coincide. 

The following questions are open: 

(i). Do the spaces of Dixmier measurable and Connes-Dixmier measurable operators coin- 
cide? 
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(ii). What is the description of the set of all (positive) operators, which are measurable with 

respect to the set of all maximally invariant Dixmier traces? 
(hi). What is the description of the set of all (positive) operators measurable with respect 
to the set of all symmetric functionals? 

One might be tempted to pose question (hi) in greater generality and ask whether the concept 
of operators measurable with respect to the set of all r.i. functionals can be sensibly formulated. 
There is an example due to [68] (see the end of Section 2 above) which answers this in the 
negative. 

For results extending Theorems 6.6 and 6.7 to Marcinkiewicz spaces M(ip)(N, r), with 
ip G SI satisfying condition (4), we refer the reader to [74]. 

7. NORMING PROPERTIES OF DlXMIER AND CONNES-DlXMIER FUNCTIONALS 

A reader may have an impression that Dixmier and Connes-Dixmier traces form a very 
"thin" subset of the unit sphere of the dual space. Such an impression is wrong as established 
by Theorems 7.3 and 7.4 below. We shall need the following theorem of Sucheston. 

Theorem 7.1 ([90]). For i£f M 



( 1 n \ 

sup L(x) = lim sup — > x m+ j 

: BL(N) n ^°° \ m n ^ / 



LGBL(N) 

The following proposition easily follows from its "commutative" counterpart, which, in its 
turn, can be obtained from [69]. 

Proposition 7.2. Let T G C^'°°\Af, r). The distance from T to the subspace C^ ,co \M,t) 
in the norm || • ||(i i00 ) i s equal to 



P iT) :=hmsup i -^ y /^(T) ds . 



Recall, that in the special case space £q°° (Tt) is the closed 

linear span in C^ l,co \TL) of the set of all finite-dimensional operators. 

Theorem 7.3. [74] Let T G C^'°°\M,t). The distance from T to the subspace ^'^(AT, r) 
in the norm || • ||(i ;00 ) is equal to sup{r w (|T|) : u> G D(M*j_)}. 

Proof. It is sufficient to consider the case T ^ . We note first that 

sup{r w (T) : u G D{R* + )} = sup{Tr L (T) : L G BL(R + )} = sup{Tr L (T) : L G BL{N)}. 
It is clear that 

t 

q{T):= sup Tr L (T) ^ limsup 1 / Ma (T) ds (= p{T)). 
LeBL(N) t^oo iOg(l + t) J 
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We have to prove the reverse inequality q(T) ^ p(T). By Sucheston's theorem 7.1, it is 
enough to prove that Ve > ]iY £ N Vn ^ JV 3m G N such that 



/ »s{T)ds> p(T)-e. 
n ^— ' m + j J 

j-i o 

For this purpose, it is enough to put N = 1 and to take m such that > p ^l~/ 2 and 

i r m 

(12) — — / n s (T) ds > p{T) - e/2. 

log(l + e m )7 

Then 



/ Vs(T)d S ^-J2—^fvs(T)ds = ^—--fp s (T)ds>p(T)-e. 
n m + j J n ^-^ m + n J m + n m J 

j=i o -? =1 o o 

To verify that selection of m satisfying (12) is feasible, first we locate a sequence 1 ^ t\ < 
t2 ■ ■ ■ T oo , such that 



k. 



(13) & ___y o Ms(T )d fl > p(T) - e/4, k>l, 

(this may be done due to Proposition 7.2). For every k, we define rrifc € N, so that e mfc_1 ^ 
i fc e mfc . Then 



log(l + e mfc ) 1 />emfc 



log(l + e m *- 1 ) log(l + 
Since — ► 1, we see that (12) follows from (13). □ 

A natural question is whether the norming property remains true for the class of Connes- 
Dixmier traces, as answered below. 

Theorem 7.4. [74] Let T G (M, r). The distance from T to the subspace C^' 00 ^ (M, r) 

in the norm || • ||(i )00 ) is equivalent to sup t u (T), where the supremum is taken over all singular 

states to = 7 o M, where 7 is a singular state on Cb[0, 00). 



As in the preceding section, the results given in Theorems 7.3 and 7.4 admit an extension 
to Marcinkiewicz spaces M(ip)(Af,T) with fed satisfying condition (4). 

We finish this section with the comment that it is not clear yet, whether the difference in 
the results of Theorems 7.3 and 7.4 signify that the set of all Dixmier traces is different from 
the set of all Connes-Dixmier traces. 



25 



8. Fredholm modules and spectral triples 

8.1. Notation and definitions. Let J\f be a semifinite von Neumann algebra on a separable 
Hilbert space Tt and let L p (ftf, r) be a non-commutative L p -space associated with (M, r), 
where r is a faithful, normal semifinite trace on N . Let A be a unital Banach * -algebra which 
is represented in J\f via a continuous *-homomorphism tt which, without loss of generality, 
we may assume to be faithful. Where no confusion arises we suppress tt in the notation. The 
fundamental objects of our analysis are explained in the following definition. 

Let /C/v be the r -compact operators in M (that is the norm closed ideal generated by the 
projections E G N with t{E) < oo). 

Definition 8.1. (i) A semifinite odd spectral triple (A,Tt,V) is given by a Hilbert space 
H, a * -algebra A C N where N is a semifinite von Neumann algebra acting on H, 
and a densely defined unbounded self-adjoint operator V affiliated to N such that 

1) [V, a] is densely defined and extends to a bounded operator for all a G A 

2) (A - V)' 1 G /C^ for all A £ R 

(ii) We say that (A, H,T>) is even if in addition there is a Z2-grading such that A is even 
and V is odd. That is an operator T such that r = T* , T 2 = 1 , Ta = aT for all a G „4 
and £T + r£> = 0. 

(iii) If J is a symmetrically normed ideal in )C_\f then we say that the spectral triple 
{A,AT,V) is J-summable if (1 + V 2 )- 1 / 2 G X. 

Remark 8.2. In [10] the terminology for the concept we have just introduced is 'von Neumann 
spectral triple'. The two most important special cases of this definition are when 

a) X is the ideal L p in which case we say (A, M, V) is p-summable and 

b) the case where the Dixmier trace was first evident namely X = C p '°° . In this case, we 
say that (A,AT,V) is (p, oo)-summable. 

There is a third case which is not relevant for the discussion here and that is the notion of 
theta summability [29, 30, 31]. 

Note. In this paper, for simplicity of exposition, we will deal only with unital algebras A C N 
where the identity of A is that of M . We have adopted a notational convention correlated 
to the context in which we are working. A calligraphic V will always denote an unbounded 
self-adjoint operator forming part of a semifinite spectral triple (A,H,T>). A roman D will 
denote a self-adjoint operator on a Hilbert space, usually with some side conditions. 

In the original paper on noncommutative geometry by Alan Connes [28] the notion of spec- 
tral triple was introduced as an 'unbounded Fredholm module' (see also [31]). The study of 
semifinite spectral triples was initiated in [19] in the context of spectral flow [5, 6, 80] and 
carried further in [10] with a focus on applications to foliations. In [28] the notion of Fredholm 
module was introduced based on the idea of a Kasparov module. This may be generalised to 
the semifinite case as follows. 

Definition 8.3. ([19], [91]) A bounded p-summable pre-Breuer- Fredholm module for .A, is a 
pair (ftf,Fo) where Fq is a bounded self-adjoint operator in M satisfying: 
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(1) |1 -F 2 \ l l 2 belongs to L p (N,t); and 
(2) A p := {a G A \ [Fq,o\ G L p (J\f,r)}) is a dense *-subalgebra of A. 

When Fq = 1 we drop the prefix 'pre-'. 

In the special case when J\f = C(TC) and r is the standard trace Tr, we omit "Breuer" from 
the definition. In this case, the non-commutative L p -space coincides with the Schatten-von 
Neumann ideal C p of compact operators and the definition originates from Definition 3 from 
[31] p.290. 

8.2. Bounded versus unbounded. The relationship between the bounded and unbounded 
pictures is worth some comment. There are two approaches to this question, that in [87] (and 
explained in more detail in [57]) and a more general approach via perturbation theory in [24]. 
In the case of even spectral triples this matter was settled by Connes (see [28] 7.6). Let D 
and Dq be unbounded self adjoint operators on TC differing by a bounded operator in N . We 
study directly the map ip defined by (p(D) = £>(1 + D 2 )" 1 / 2 and the difference ip(D) - f(D ). 
In [24] a number of results were established, the one most relevant to this survey being: 

Theorem 8.4. With the assumptions above on D and Dq and with D — Dq G N and 
1 < p < oo we have 

\\<p{D) - p(Dq)\\ Lp(Mt) ^ Z p m^{\\D - Doll 1 / 2 , \\D - D \\} ■ ||(1 + D 2 )'^^. 
for some positive constant Z p which depends on p only. 

From this theorem (cf [87]) one obtains the 

Corollary 8.5. If 1 < p < oo and (A,M,Vq) is an odd semifinite p-summable spectral triple 
for the Banach *-algebra then (AT, sign(Do)) is an odd bounded p-summable Breuer-Fredholm 
module for A. 

8.3. More on Semifinite Spectral Triples. 

Definition 8.6. A semifinite spectral triple (A,H,V) is QC k for k ^ 1 (Q for quantum) if 
for all a G A the operators a and [V, a] are in the domain of 5 k , where 5(T) = [\V\,T] is the 
partial derivation on N defined by \V\. 

Notes, (i) The notation is meant to be analogous to the classical case, but we introduce 
the Q so that there is no confusion between quantum differentiability of a G A and classical 
differentiability of functions. 

(ii) By a partial derivation we mean that 5 is defined on some subalgebra of which need 
not be (weakly) dense in M. More precisely, dom5 = {T G M : 5(T) is bounded}. 

Observation If T G M , one can show that [\V\,T] is bounded if and only if [(1 + V 2 ) 1 / 2 , T] 
is bounded, by using the functional calculus to show that \V\ — (1 + V 2 ) 1 / 2 extends to a 
bounded operator in M . In fact, writing |D|i = (1 +D 2 ) 1 / 2 and 8\{T) = [|D|i,T] we have 
dom 5 n = dom 5? for all n. 
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Proof. Let f(V) = (1 + V 2 ) 1 / 2 - \V\, so, as noted above, fiV) extends to a bounded 
operator in N . Since 

5 1 (T)-5(T) = [f(V),T] 

is always bounded, dom 5 = dom Si. Now S5i = S±S, so 

5 2 (T)-5 2 (T) = S 1 (6 1 (T)) - S 1 (6(T)) + S 1 (6(T)) - S(S(T)) 

= [f(V)MT)] + [f(V),S(T)]. 

Both terms on the right hand side are bounded, so dom 5 2 = dom 5 2 . The proof proceeds by 
induction. □ 

Thus the condition defining QC k can be replaced by 

a, [V, a] G P| dom 5™ Va G A. 

This is important as we do not assume at any point that \D\ is invertible. 

If (A, 7i, V) is a QC k spectral triple, we may endow the algebra A with the topology 
determined by the seminorms 

a — HI <H a ) II + II 5 n {[ v , a \) II, n = 0,1,2,...,*: 

By [85, Lemma 16] we may, without loss of generality, suppose that A is complete in the 
resulting topology by completing if necessary. This completion is stable under the holomorphic 
functional calculus, so we have a sensible spectral theory and K*(A) = K*(A) via inclusion, 
where A is the C* -completion of A. A QC°° spectral triple is one that is QC k for all 
k = l,2,.... 

Observation If T G M and [V,T] is bounded, then [V,T] G M. 

Proof. Observe that V is affiliated with M , and so commutes with all projections in the 
commutant of AT, and the commutant of N preserves the domain of V . Thus if [T>,T] is 
bounded, it too commutes with all projections in the commutant of M , and these projections 
preserve the domain of V, and so [V, T] G N . □ 

Similar comments apply to [|P|,T], [(1 + D 2 ) 1 / 2 ,T] and combinations such as [P 2 ,T](1 + 
D 2 ) -1 / 2 . We will often simply write C 1 for the trace ideal in order to simplify the notation, 
and denote the norm on C 1 by || • ||i. Note that in the case where N / £(H), C 1 need not 
be complete in this norm but it is complete in the norm ||.||i + ||.||oo- (where ||.||oo is the 
uniform norm). 

8.4. Summability and Dimension. Finite summability conditions on a spectral triple give 
a half-plane where the function 

(14) z^t{{1+V 2 )- z ) 
is well-defined and holomorphic. 

Definition 8.7. If (A,H,V) is a QC°° spectral triple, we call 

p = inf{a G R : r((l + V 2 y a/2 ) < oo} 
the spectral dimension of (A,Tt,V). 
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9. Spectral Flow 

One of the main motivations for extending the study of spectral triples to the semifinite von 
Neumann setting is the study of type II spectral flow (this concept is due to Phillips [80, 81]). 
Let 7r : N — ► N /JCj^ be the canonical mapping. A Breuer-Fredholm operator is one that maps 
to an invertible operator under ir . A full discussion of Breuer-Fredholm theory in a semifinite 
von Neumann algebra is contained in [22] extending the discussion of the Appendix to [82] and 
[14, 15]. As usual D is an unbounded densely defined self-adjoint Breuer-Fredholm operator on 
H (meaning D(l + D 2 )^ 1 / 2 is bounded and Breuer-Fredholm in N) with (1 + D 2 )^ 1 / 2 € Kj^f . 
For a unitary u € N such that [D, u] is a bounded operator, the path 

:=(l-t)D + tuDu* 

of unbounded self-adjoint Breuer-Fredholm operators is continuous in the sense that 

F?:=D?(1 + (D?) 2 )-* 

is a norm continuous path of self-adjoint Breuer-Fredholm operators in J\f [19]. Recall that 
the Breuer-Fredholm index of a Breuer-Fredholm operator F is defined by 

ind(F) = T{Q kerF ) - T{Q cokerF ) 

where QkerF an d QcokerF are the projections onto the kernel and cokernel of F . 

Definition 9.1. If {Ft} is a continuous path of self-adjoint Breuer-Fredholm operators in 
Af, then the definition of the spectral flow of the path, sf({F t }) is based on the following 
sequence of observations in [78] and [81] (see also [9, 11]): 

1. While the function t t— ► sign(F t ) is typically discontinuous, as is the projection-valued 
mapping f i-> P t = ^(sign(F t ) + 1), for F t = 2P t — 1 with P t the non-negative spectral 
projection, 1 i— > Tr(Pt) is continuous. 

2. If P and Q are projections in N then PQ : QTC — > PTC is a Breuer-Fredholm operator if 
and only if ||7r(P) — 7r(Q)|| < 1 in which case ind(PQ) G R is well-defined. 

3. If we partition the parameter interval of {Ft} so that the Tt(Pt) do not vary much in norm 
on each subinterval of the partition then 

n 

sf({F t }) :=J2 ind ( P ti-i P u) 
i=i 

is a well-defined and (path-) homotopy-invariant number which agrees with the usual notion 
of spectral flow in the type 1^ case. 

4. For D and u as above, we define the spectral flow of the path Df := (1 — t) D + tuDu* to 
be the spectral flow of the path F t where F t = (l + (D?) 2 )'* . We denote this by 

sf(D,uDu*) = sf({F t }), 

and observe that this is an integer in the M = C(7i) case and a real number in the general 
semifinite case. 

Special cases of spectral flow in a semifinite von Neumann algebra were discussed in [77, 78, 
79, 80, 81]. 
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Let P denote the projection onto the nonnegative spectral subspace of D. The spectral 
flow along {D™} is equal to sf({Ft}) and by [19] this is the Breuer-Fredholm index of PuPu* . 
(Note that signF^ = 2uPu* — 1 and that for this special path we have P — uPu* is compact 
so PuPu* is certainly Breuer-Fredholm from uPu*H to PH.) Now, [82, Appendix B], we 
have ind(PuPu*) = ind(PuP). 

The operator PuP is known as a generalised Toeplitz operator. Formulae for its index in 
terms of the Dixmier trace are discussed in Sections 13 and 16. These Dixmier trace formulae 
follow from the analytic formulae for spectral flow discovered in [55], [19], [20] which we will now 
explain. 

9.1. Spectral Flow Formulae. We now introduce the spectral flow formula of Carey and 
Phillips, [19, 20]. This formula starts with a semifinite spectral triple (A,7i,T>) and computes 
the spectral flow from V to uDu* , where u G A is unitary with [D, u] bounded, in the case 
where (A, H,T>) is of dimension p ^ 1. Thus for any n > p we have by the extension of 
Theorem 9.3 of [20] to the case of general semifinite von Neumann algebras (see [23]): 

i r 1 

(15) sf(V,uVu*) = -^ r(u[V,u*](l + (p + tu[V,u*]) 2 )- n / 2 )dt, 

C n /2 JO 

with C n j2 = + x 2 )~ n / 2 dx . This real number sf(T>,uT>u*) recovers the pairing of the 

K -homology class [T>] of A with the K\(A) class [u] (see below). There is a geometric 
way to view this formula due originally to Getzler [55]. It is shown in [20] that the functional 
X i ^ T{X(l + (V+X) 2 )~ n l 2 ) on M sa determines an exact one-form on an affine space V+M sa - 
Thus (15) represents the integral of this one-form along the path {V t = (1 — t)V + tuVu*} 
provided one appreciates that T>t = u[T>,u*] is a tangent vector to this path. Moreover this 
formula is scale invariant. By this we mean that if we replace T> by eT>, for e > 0, in the 
right hand side of (15), then the left hand side is unchanged as is evident from the definition 
of spectral flow. This is because spectral flow only involves the phase of V which is the same 
as the phase of eV . 

9.2. Relation to Cyclic Cohomology. To place some of the discussion in its correct context 
and to prepare for later applications we need to discuss some aspects of cyclic cohomology. We 
will use the normalised (b, S)-bicomplex (see [31, 73]). 

We introduce the following linear spaces. Let C m = A(&A® m where A is the quotient A /CI 
with / being the identity element of A and (assuming with no loss of generality that A is 
complete in the 5-topology) we employ the projective tensor product. Let C m = Hom(C m , C) 
be the linear space of continuous multilinear functionals on C m . We may define the (6, B) 
bicomplex using these spaces (as opposed to C m = A® m+l et cetera) and the resulting co- 
homology will be the same. This follows because the bicomplex defined using A <8> A® m is 
quasi-isomorphic to that defined using A <8> A® m . 

A normalised (b, B) -cochain, <p is a finite collection of continuous multilinear functionals 
on A, 

V = Wm}m=l,2,...,M with if m G C™ . 

It is a (normalised) (b, B)-cocycle if, for all m, b(p m + B(p m+ 2 = where b : C m — > C m+1 , 
B : C m — > C m ~ l are the coboundary operators given by 
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m— 1 

(16) (Bip m )(a ,a 1 , . . . ,a m -i) = ^ (-l) (m-1) -V m (l, aj, a j+1 , . . . ,a m -i,a , . . . ,a,_i) 

3=0 

(bip m - 2 )(ao,ai, . . . ,a m -i) = 

m-2 

i) + (-1)™ ¥>m-2(a m -iao,ai, . . . ,a m _ 2 ) 

j=o 

We write (b + B)<p = for brevity. Thought of as functionals on A® m+l a normalised cocycle 
will satisfy <p(ao, cti, . . . , a n ) = whenever any a,j = 1 for j ^ 1. An odd (even) cochain has 
{</>m} = for m even (odd). 

Similarly, a (b T , B T )-chain, c is a (possibly infinite) collection c = {c m } m= i ; 2,... with 
c m £ Cm- The (6, i?) -chain {c m } is a (b T , B T )-cycle if b T c m+ 2 + B T c m = for all m. More 
briefly, we write (b T + B T )c = 0. Here 6 T , S T are the boundary operators of cyclic homology, 
and are the transpose of the coboundary operators b, B in the following sense. 

The pairing between a (6, B) -cochain ip = {ip m }^[ =1 and a (b T , B T ) -chain c = {c m } is 
given by 

M 
m=l 

This pairing satisfies 

{(b + B)<p,c) = (<p, (b T + B T )c). 

We have the relations 

b 2 = B 2 = = bB + Bb= (6 + B) 2 

so that we may define the cyclic cohomology of A as the cohomology of the total (b,B)- 
complex. 

In this survey the main application we will make of the Dixmier trace to cyclic cohomology is 
the discussion in Section 17 of the formula of A. Connes for the Hochschild class of the Chern 
character. Here we use the unrenormalised complex C m = A® m + l . The definition of the 
Hochschild coboundary b on C m involves the same formula (16). The Hochschild cohomology, 
denoted HH*(A, A*) , is then the cohomology of the complex (C*{A), b) . 

The Hochshild boundary on the complex C m = A® m+1 is the operator b T . We say that c 
is a Hochschild cycle if b T c = 0. When the Hochschild homology is well-defined we denote it 
by HH*(A). 

One can interpret spectral flow (in the type / case) as the pairing between an odd K -theory 
class represented by a unitary u, and an odd i^-homology class represented by (A,TC,T>) , [31, 
Chapter III, IV]. This point of view also makes sense in the general semifinite setting, though 
one must suitably interpret K-homology, [21, 20]. A central feature of [31] is the translation 
of the K -theory pairing to cyclic theory in order to obtain index theorems. One associates 
to a suitable representative of a iT-theory class, respectively a i^-homology class, a class in 
periodic cyclic homology, respectively a class in periodic cyclic cohomology, called a Chern 
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character in both cases. (We will not digress here to discuss the periodic theory and the 
periodicity operator referring instead to [31] and [57].) The principal result is then 

(17) sf(V,uVu*) = ([u],[(A,7i,V)]) = --L=([Ch*( u )],lCh*(A,H,V)]), 

where [u] £ K\(A) is a K -theory class with representative u and [(A,TC,T>)] is the K- 
homology class of the spectral triple (A,7i,V). On the right hand side, Ch*(u) is the Chern 
character of u. We recall that the Chern character of a unitary u is the following (infinite) 
collection of odd chains Ch,2j+i{u) satisfying bCh,2j+z(u) + BCh2j+i(u) = 0, 

Ch 2 j+i(u) = (-l) j j\u* <g> u<8> u* ® ■ ■ ■ <8)u (2j + 2 entries). 

We have used the notation \Ch*{u)\ for the periodic cyclic homology class. Similarly 
[Ch*(A,H,T>)] is the periodic cyclic cohomology class of the Chern character of (A,H,V). 



10. The Dixmier trace and residues of the zeta function 



Many applications of the Dixmier trace rely on being able to calculate it by taking a residue of 
an associated zeta function. The main result in this direction in the type / case is Proposition 
IV. 2. 4 of [31]. Recent advances [25] have extended this to the general semifinite von Neumann 
setting. 

10.1. Preliminaries. First it is useful to have an estimate on the singular values of the oper- 
ators in -C^ 1 ' 00 ) . 

Lemma 10.1. For T £ positive there is a constant K > such that for each p ^ 1, 

f fi s (T) p ds < K p I - 1 ds. 
Jo Jo (* + l) p 

Proof. By [53, Lemma 2.5 (iv)], for all ^ T £ N and all continuous increasing functions 
/ on [0,oo) with /(0) ^ 0, we have /x s (/(T)) = /(/x s (T)) for all s > 0. Combining this 
fact with well-known result of Hardy-Littlewood-Polya (see e.g. [51], Lemma 4.1), we see that 
Ti -<X T 2 , ^ Ti, T 2 £ M implies Tf <^ 7f for all p £ (1, oo) . Now, by definition of 
the singular values of T satisfy Jq /j. s (T)ds = O(logt) so that for some K > 0, 

/ n s {T)ds ^ K f -^-—ds, Vi > 0. 
Jo Jo + 

In other words // S (T) -<-< i^/(l + s) and the assertion of lemma follows immediately. □ 

In the next theorem we use dilation invariant states from Theorem 4.7. 

Theorem 10.2. (weak*-Karamata theorem) Let oj £ Loo(IR)* be a dilation invariant state and 
let (5 be a real valued, increasing, right continuous function on M + which is zero at zero and 
such that the integral h(r) = J °° e~~df3(t) converges for all r > and C = w-lim r _ i . 00 jh{r) 
exists. Then 

u- hm —h(r) = to- lim . 

r— >oo r t^oo t 
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Remark 10.3. The classical Karamata theorem states, in the notation of the theorem, that if 
the ordinary limit lim^oo ^h(r) = C exists then C = lim^oo . The proof of this classical 
result is obtained by replacing, in the proof of Theorem 10.2, Co- lim throughout by the ordinary 
limit. 

Proof. Let 

, s f x~ l for e _1 ^ x ^ 1 

g{x) = 



for x < e" 1 

so that g is right continuous at e _1 . Then for r > 0, t — ► e~ l l T g(e~ l l r ) is left continuous at 

rex 

lo 



t = r. Thus the Riemann-Stieltjes integral J °° e t ^ r g(e t ^ r )dj3{t) exists for each r > 0. We 



claim that for any polynomial p 

1 />oo POO 

Co- lim - / e-*/ r p(e-*/ r )d/3(t) = C / e^pie^dt. 

r^oo r Jq Jq 

To see this first compute for p{x) = x n , 

-I POO -| /'OO 

- / e-^ r e- nt/r d(3(t) = - / e- {n+l)t/r d(3{t). 
r Jo r Jo 

Therefore 

1 _ ,. 1 f _c»,-i-iw». ,„,.n C 



1 r 00 
lim — / e- {n+l)t/r d(3{t) 



n + 1 r^oo r/(n + 1) J n + 1 

by dilation invariance of Co. Thus 

Co- lim - / e-^e-^dPit) = C f e^ie'^dt. 
r^oo rj Jo 

Since Co is linear the claim follows for all p. 

Choose sequences of polynomials {p n }, {Pn} such that for all x 6 [0, 1] 

-1 < p n (x) < g(x) ^ P n {x) 3 
and such that p n and P n converge a.e. to g{x) . Then since Co is positive it preserves order: 

roo i /"OO -i roo 

C / e-'pnie^dt = Co- lim - / e~ t/r p n {e^l r )df3{t) s$ Co- lim - / e~ t/r g(e~^ r )dp(t) 
Jo r ~*°° r Jo r ~*°° r Jo 

poo 

^...^C e-*P n (e-*)dt. 

JO 

By the Lebesgue Dominated Convergence Theorem both f °° e~ t p n (e~ t )dt and 
J °° e~ t P n (e~ t )dt converge to J °° e~* g(e^ t )dt as n — > oo. But a direct calculation 
yields J °° e~* g(e~ t )dt = 1 and 

/ e - t /^(e-*/ r )d / 9(t) = /3(r). 

JO 

Hence 

C = w- lim - r e~ t / r g(e- t / r )dl3(t) = Co- lim ^4 

□ 

Recall that for any r -measurable operator T, the distribution function of T is defined by 

A t (T):=r(x( t)0 o)(|r|)), t > 0, 
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where X(t,oo)(l^1) is the spectral projection of \T\ corresponding to the interval (t,oo) (see 
[FK]). By' Proposition 2.2 of [FK], 

H,(T) = inf{/ ^ : A t (T) < s} 

we infer that for any r-measurable operator T, the distribution function A(.)(T) coincides 
with the (classical) distribution function of /X(.)(T). From this formula and the fact that A is 
right-continuous, we can easily see that for t > , s > 

s ^ Ai /i s ^ i. 

Or equivalently, 

s < X t -4=>- /Lt s > t. 
Using Remark 3.3 of [FK] this implies that: 

(18) f X \ s {T)ds= f ^(T)ds = T(\T\ Xi t,oo)(\T\)), t>0. 

JO J[0,M) 
Lemma 10.4. For T G C^ 1 ' 00 ") and C > \\T\\/ lj0O \ we have eventually 

Ai(T) ^ Ctlogt. 

Proof. Suppose not and there exists t n | oo such that Aj_(T) > Ci n logi n and so for 
s < Ct n logt n we have // S (T) ^ Hct n \ogt n (T) > ^ . Then for sufficiently large n 

(•Cin login ^ 
'0 

Choose (5 > with C — (5 > ||T||/ lj00 ) . Then for sufficiently large n 

C\ogt n = {C-5) \ogt n + 5\ogt n > \\T\\ (hoo) log(Ci n ) + \\T\\ (hoo) log(log(i n + 1)) 

= ||T|| (li0o) log(Ct n log(t n + l)). 

This is a contradiction with the inequality J * fi s (T)ds ^ ||T||(i,oo) l°g(i + 1)) which holds for 
any t > due to the definition of the norm in . □ 

An assertion somewhat similar to Proposition 10.5 below was formulated in [83] and supplied 
with an incorrect proof. We use a different approach. 

Proposition 10.5. For T G positive let w be a state on Loo(]R!j_) satisfying all the 

conditions of Corollary 4.8. For every C > 

I rCtlogt 

= lj- lim - — ; / u s (T)ds 

t-oolog(l+i)7o 

and if one of the u- limits is a true limit then so are the others. 



rCtn log tn ^ 

/ n s (T)ds > — -Ct n log t n = C logt r . 
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Proof. We first note that 

ft /-Ai(T) 

/ n s (T)ds^ / T fi s (T)d8 + l, t>0. 
Jo Jo 

Indeed, the inequality above holds trivially if t < Ai(T). If i > Ai(T), then 

rAi(T) 

Vi(T) 

Now s > Ai (T) implies that /x s (T) ^ | so we have 



rf /-Ai(T) ,t 

/ fi s (T)ds= / n s (T)ds+ / A*»(r)ds. 

JO JO JXiCT) 



/ fi s {T)ds^ / 4 ^(T)ds + -(t- Ai(T)) s$ / 1 ^(Tjds + l. 

JO JO t * Jo 

Using this observation and lemma above we see that for C > ||T||( 1)00 ) and any fixed a > 1 
eventually 

/ n s (T)ds^ / 7 /i a (T)ds + l< / /i s (T)ds + l< / fi,(T)ds + l 
Jo Jo Jo Jo 

and so eventually 

I ft 1 1 /-Ct log* 

loioTT) I ^ ds < ioioTT) ( / T ^ T)ds + 1} * StfiTi) ( /o ^ + 1} 



< log(l + t a ) 



— (J fi s (T)ds + l). 



log(l + t) log(l + t c 
Taking the a; -limit we get 

1 /-Ai(T) 1 rCtlogt 

tJT) ^ u- lim / T »„(T)ds ^ u- lim / fi s (T)ds 

t^oc iog(i + 1) y t^oc iog(i + 1) y 



rt a 

a f 



where the last line uses Corollary 4.8 (4). Since this holds for all a > 1 and using 18 we get the 
conclusion for u; -limits and C > \\T\\^i jOQ y The assertion for an arbitrary < C ^ ||7l|(i,oo) 
follows immediately by noting that for C > ||T||( lj00 ) one has eventually 

rt l-Ctlogt rCtlogt 

/ fi s (T)ds^ / [i s (T)ds ^ / fi s (T)ds. 

Jo Jo Jo 



To see the last assertion of the Proposition suppose that lim^oo log ^ +t ) f Hs{T)ds = A 
then by the above argument we get 

for all a > 1 and hence lim^oo log ^ +t ) oo)(-0) = On ^ ne °ther hand if the limit 
lim^oo log (l +f ) T(7 1 X(i i00 )(^)) exists and equals £ say then 

limsup- — 1 / n s (T)ds ^ B ^ aliminf - — / fi s {T)ds 

t^oo log(l + t) 7 iogl 1 + *) JO 
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for all a > 1 and so 

1 /•* 
lim - — / u s (T)ds = B 

t-oo io g (i + 1) y ' 

as well. The remaining claims follow similarly. □ 



10.2. The zeta function and the Dixmier trace. This subsection is motivated by Propo- 
sition IV.2.4 of [31]. We will describe several generalisations of this result to the von Neumann 
setting. Our approach will be analogous though somewhat different to that in [31]. 

The zeta function of a positive T G is given by ((s) = t(T s ) while for A G M we set 

Ca{s) = t(AT s ). We are interested in the asymptotic behaviour of £(s) and (a{s) as s — > 1. 

Now it is elementary to see that the discussion of singular traces is relevant because by 
Lemma 10.1 we have for some K > and all s > 1 

/>oo />oo 

t(T s ) = / ^ r (T s )dr = / fi r (T) s dr 




From this it follows that {(s — l)r(T s )| s > 1} is bounded. Now for A bounded \(s — 
1)t(AT s )\ \\A\\(s - 1)t(T s ) so that (s - 1)t(AT s ) is also bounded and hence for any 
lj G Loo(M)* satisfying conditions (1), (2) and (3) of Theorem 4.7 

(19) Co- lim -r(AT 1+1 r) 

r^oo r 

exists. 

Here r — > ir(ylT 1+ r) is defined as a function on all of M by extending it to be identi- 
cally zero for r < 1. One might like to think of (19) as o)-lim s _ + i(s — 1)t(AT s ) but this of 
course does not (strictly speaking) make sense whereas if lim s _»i(s — 1)t(AT s ) exists then it 
is lmWcoir^T 1 ^). 

In the following theorem we will take T G £( 1,oc ) positive, ||T|| $C 1 with spectral resolution 
T = J XdE(X). We would like to integrate with respect to dT(E(X)); unfortunately, these 
scalars t(E(X)) are, in general, all infinite. To remedy this situation, we instead must integrate 
with respect to the increasing (negative) real-valued function Nt(X) = t(E(X) — 1) for A > 0. 
Away from 0, the increments t(AE(X)) and ANt(X) are, of course, identical. 

Theorem 10.6. For T G C (l ^ positive, ||T|| ^ 1 and Co G L^M.)* satisfying all the 
conditions of Theorem 4.7, let Co = looL where L is given in section 4 (prior to Definition 4.4), 
then we have: 

t w (T) = Co- lim ^-T(T 1+ r). 

If linv^oo ^r(T 1+ r) exists then 

tUT) = lim -t(T 1+ ^) 

r— >oo r 

for an arbitrary dilation invariant functional to G ^^(M^)*. 
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Proof. By (19) we can apply the weak*-Karamata theorem to ^t(T 1+ t). First write 
r(T 1+ ^) = /„+ A 1+ ^iV T (A). Thus setting A = e~ u 



-(T 1+ r) = f , 

J o 



e r df3(u) 



where (5{u) = e~ v dNT(e~ v ) = — J* " e~ v dNT(e~ v ) . Since the change of variable A = e~ u is 
strictly decreasing, (3 is, in fact, nonnegative and increasing. By the weak*-Karamata theorem 
applied to Co G Loo(M)* 

u- lim — T(l r ) = id- lim 



r^oo r u— >oo if 



Next with the substitution p = e " we get: 

(20) Co- lim ^ = Co- lim - pdN T (p). 

Set f(u) = . We want to make the change of variable u = logt or in other words to 
consider / o log = Lf . We use the discussion in section 4 which tells us that if we start with 
an M invariant functional to G -Loo(]R^_)* then the functional Co = lo o L is H invariant as 
required by the theorem. Then we have 

Co- lim -r{T 1+1 r) = Co- lim ^ = Co- lim f(u) = lo- lim Lf(t) = lo- lim — ^ [ XdN T {\). 

r— >oo r u^oo u u^oo t^oo t^oologt J\ji 

Now, by Proposition 10.5 

to- lim -!- I XdN T (X) = lo- lim -^—t{ X( i n(T)T) = t w {T). 

This completes the proof of the first part of the theorem. 

The proof of the second part is similar. Using the classical Karamata theorem (see the 
remark following the statement of Theorem 10.2) we obtain the following analogue of (20): 

lim -r(T 1+r ) = lim ^ = lim - C pdN T {p). 

r— >oo r U u^oo u J e -u 

Making the substitution u = log t on the right hand side we have 

lim - I pdN T {p) = lim — !- I MN T {\) = tJT) 

moon J e -u t^oologt J I 

where in the last equality we need only dilation invariance of the state lo G Lq^IR^)* and not 
the full list of conditions of Corollary 4.8 □ 

The map on positive T G Z^ 1 - 00 ) to E given by T — > t w (T) can be extended by linearity to 
a C valued functional on all of C^ 1 ' 00 ^ . Then the functional 

(21) A^t^AT) 

for A G M and fixed T G C^ 1 ' 00 ^ is well defined. We intend to study the properties of (21). 
Part of the interest in this functional stems from the following result (see [26]) as well as the 
use of the Dixmier trace in noncommutative geometry [31]. 
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Lemma 10.7. Let T G £^'°°\ then 

(i) For A G Af we have 

t u {AT) = t u (PA) . 

(ii) Assume that Dq is an unbounded self adjoint operator affiliated with Af such that 

T = (1 + £>o)~ 1/2 G £ (1,oo) • If [A,-, | A)|] is a bounded operator for Aj G AA, j = 1, 2 then 

r w (AiA 2 T) = r u (A 2 A 1 T). 

Proof. {\) This is proposition A. 2 of [40]. The proof is elementary, first show that t u (UTU*) = 
t u (T) then use linearity to extend to arbitrary T G £( 1,oc ) . Replace T by TU then use lin- 
earity again. 

(ii) We remark that L4j,|Do|] defining a bounded operator means that the Aj leave 
dom(\Do\) = dom(Do) invariant and that [Aj, \Dq\] is bounded on this domain (see [12, Propo- 
sition 3.2.55] and its proof for equivalent but seemingly weaker conditions). As |Z?o| — (l+^o) 1 ^ 2 
is bounded, [A,,(l + Dq) 1 / 2 ] defines a bounded operator whenever [A,-,|Do|] does. As 
T- 1 = (1 + £>o) 1/2 and P :H ^ dom{p- v ) , we see that the formal calculation: 

[Aj , P] = AjP - PAj = P{P~ 1 A j - AjP- l )P = PIP' 1 , Aj]P 

makes sense as an everywhere-defined operator on Ti . That is, 

[Aj , P] = T[(l + Dl) 1 ' 2 , Aj]P G {C^ f C £}. 

Then we have, using part (i), 

r w (AiA 2 r) = t U) {A 2 A 1 P) - Tu {[A u T\A 2 ). 

So then 

tUAiA 2 P) = tUA^P) - r„(T[(l + D 2 ) 1 ' 2 , A 1 ]PA 2 ). 
Since the operator in the last term is trace class we are done. □ 

We will consider spectral triples which involves choosing a subalgebra of Af on which (21) 
will define a trace. 

Theorem 10.8. Let A G Af , T > 0, T G £^°°\ 

(i) If lim s _^ 1 +(s — 1)t(AP s ) exists then it is equal to t^AP) where we choose uj as in the 
proof of Theorem 10.6. 

(ii) More generally, if we choose functionals uj and uj as in the proof of Theorem 10.6 then 

uh Urn -t(AT 1+ t) = t u (AT). 

Proof. For part (i) we first assume that A is self adjoint. Write A = a + — a~ where are 
positive. Choose uj as in the proof of Theorem 10.6, then 

lim (s - 1)t(AP s ) = uj- lim -r(AP l+ r) 

= uj- lim -r(a + T 1+ ~) — uj- lim -r(a~T 1+ ~) 

r— »oo T r— >oo f 

= T UJ {a + P)-T UJ (a~P) 
= tUAP). 
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Here the third equality uses a technical result (Proposition 3.6) from [25] and then Theorem 
10.6. The reduction from the general case to the self-adjoint case now follows in a similar way. 

For part (ii), we assume that A is positive. From Lemma 10.7(i) and Theorem 10.6, and 
Proposition 3.6 of [25] we have 

r^{AT) = T ul {A l l 2 TA 1 ' 2 )=Cj-\im-T{{A 1 l 2 TA 1 / 2 ) 1+ -r) 

r— »oo r 

= Co- lim -r(AT 1+ r). 

r^oo T 

For general A we reduce to the case A positive as in the proof of part (i). □ 

11. The heat semigroup formula 

This Section is inspired by [31] and again is taken from [25]. We retain the assumption 
T ^ throughout and define e~ T as the operator that is zero on kerT and on kerT -1 - is 
defined by the functional calculus. We remark that if T ^ 0, T G £(p>°°) for some p ^ 1 then 
e~~ tT is trace class for all t > 0. 

Our aim in this Section is to prove the following 
Theorem 11.1. If A G jV , T ^ 0, T G £^' QO '> then, 

to- lim \- l T (Ae- x ~ 2T ~ 2 ) = T{?>/2)t uj {AT) 

A^oo 

for oj G L 00 (M^_)* satisfying the conditions of Corollary 4.8. 

Let Ca(p + f ) = t(AT p+ ~) . Notice that ir(|)u)- lim^oo ^Ca(p + 7) always exists. Hence 
we can reduce the hard part of the proof of Theorem 11.1 to the following preliminary result. 

Proposition 11.2. If A G AT, A ^ 0, T ^ 0, T G jC^°°\ 1 <; p < 00 then, choosing oj and 
Co as in the proof of Theorem 10.6, we have 

u- lim ir(.4 e -^- 2/P ) = \t£)u- lim ±Ca(p+-)- 

A^oo A 2 2 r-»oo r r 

Proof. We have, using the Laplace transform, 

T s = — L — / t s ' 2 - l e- tT dt. 
r(s/2) Jo 

Then 

1 /'CO 

U(s) = t(AT s ) = ^-j^ J t*/ 2 ^T(Ae- tT - 2 )dt. 

Make the change of variable t = l/\ 2 / p so that the preceding formula becomes 

P -r(s/2)C A (s) = I™ \-i- l T{Ae-^ 2IPT - 2 )d\. 
1 Jo 

We split this integral into two parts, Q and and call the first integral R(r) where s = p+^ . 
Then 

/*1 C CO 

R(r) = J o X'^- 2 r(Ae- x - 2/PT - 2 )d\ = ^ t^-^Ae-^dt. 



39 



The integrand decays exponentially in t as t — > oo because T 2 ^ ||T 2 || 4 so that 

r(Ae- tT ' 2 ) ^ T(Ae- T ~ 2 e-W^). 

Then we can conclude that R(r) is bounded independently of r and so lim^oo ^R(r) = 0. 
For the other integral the change of variable A = e M gives 

/oo 1 poo 
\-Tr- 2 T {Ae- x ~ 2IPT ~ 2 )d\ = J e~£dp(n) 

— —v 2 

where f3(fi) = e~ v r(Ae~ e p T )dv . Hence we can now write 

£r((p + -)/2)Ca(p + -)= T e-£d(3(») + fl(r). 
z r r jg 

Now consider 

^- lim -r(| + f )Cl(p+ -) = ?r(p/2)cD- lim i^(p+ -). 
2 r-+oo r z 2r r 2 r— >oo r r 

£r(p/2)w- lim -Ca(p+ -) =P^- lim — / e^/ pr d/3(/i) 

2 r^oo r r r-^oo Jq 

(remembering that the term ^R(r) has limit zero as r — > oo). By dilation invariance and 
Theorem 10.2 we then have 

(22) ?r(p/2)£>- lim -Ca(p + -) = pu- lim 

2 r— >oo j" j* fx— >oo 

Making the change of variable A = e v in the expression for (3(fi) we get 

/3( M ) 1 



Then 



J° X- 2 r(Ae- T " X ' 2/P )dX 



Make the substitution /x = log i so the RHS becomes 

ft 



log 

This is the Cesaro mean of 



l -J i X- 2 r(Ae- T - 2x - 2/P )dX = 9l (t) 



92(X) = ^(Ae-r-W) 



satisfying Corollary 4.8, we have uj(g\) = u(g2). Recalling that 
we choose Co to be related to u as in Theorem 10.6 and so using (22) we obtain 



w lim \r(Ae- T - 2x - 2,P ) = \v£)u- lim -Ca( P + -) 
A^oo A 2 2 r^oo r r 



□ 



To prove the theorem consider first the case where A is bounded, A ^ and use the 
Proposition 11.2 and Theorem 10.8 to assert that 

r(3/2)r w (AT) =T(3/2)£- Urn K{AT 1+ ~r) = u- \im X^^Ae'^' 2 ). 

Then for self adjoint A write A = a + — a~ where a* 1 are positive so that 

T(3/2) TuJ (AT) = r(3/2) (^(a+T) - t u {cTT)) 
= lu- lim A- 1 r(a+e- A ^ 2 )- W - lim A- 1 r(a~e- A ~ 2T ~ 2 ) 

A^oo A^oo 
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= u>- lim A- 1 r(Ae- A_2T " 2 ). 

A^oo 

We can extend to general bounded A by a similar argument. 

12. The case of p > 1 

The results of the previous sections have analogues for p > 1 . Some arguments are simpler 
due to the fact that the singular values satisfy for T G for p > 1, T ^ the asymptotic 

estimate /x s (T) = O(p^). Moreover r(T p+ ^) = A p+1 / r diV T (A) where Nt(X) = t{E(X)-1) 
for A > where T = J XdE(X) is the spectral resolution for T. 

We now establish some £(p>°°) versions of our previous results. 
Lemma 12.1. For T G £(p>°°) and w and w as in the proof of theorem 10.6 we have 



,{T P ) =Cj- lim -r{T p+l r) 



PTu>\ 



Proof. Set A = e~ u / p so that 

1 i 1 f°° 

- T (T p+ ^) = p— / e- u/rp d(3{u) 
r pr J 

where (3{u) = /J* e- v dN T ( e - v /P) . So using dilation invar iance: 

Co- lim -r(T p+ ?) = pcD- lim — C e - u l pr d[i{u) = pCo- lim ^ 

r^oo r r— too Jq m^oo u 

by the weak*-Karamata Theorem 10.2. Reasoning as in the proof of Theorem 10.6 and sub- 
stituting A = e~ v l' p and u = log t we have 

1 f 1 



lim ^ = to- lim -J- / X p dN T (X) 

u~ >oo u t^oologt Jf-l/p 



□ 

Corollary 12.2. Let T ^ 0, T G then 

w- lim I r (e- T ^ 2/P ) = r(l + ^- lim -r(T^). 

A^oo A 2 r^oo r 

Proof. Combine Proposition 11.2 and Lemma 12.1. □ 

The version of Theorem 10.8 and the following result of Connes' are proved by 

following the same methods as for p = 1 . One needs a number of straightforward extensions 
of various technical results as described in Section 5 of [25]. 

Theorem 12.3. If A is bounded, T > 0, T £ C^°°^ for p ^ 1 

uj- lim X- 1 T{Ae-^ 2/PT ~ 2 ) = T(l+p/2)T u] {AT p ). 

A^oo 



Finally it is now straightforward to obtain the following result. 
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Theorem 12.4. If A is bounded, T > 0, T G and 

lim (s-p)r(iT s ) 
s— >p+ 

exists then it is equal to pr w {AT p ) . 



13. Generalised Toeplitz operators and their index 

The index theory of generalised Toeplitz operators has a long history which may be traced 
in part from [27] and [70]. We will explain how the results established in earlier sections may 
be used to contribute to this theory. 

As before P denotes the projection onto the nonnegative spectral subspace of an unbounded 
self adjoint operator T>q (with bounded inverse) and we are interested in the Breuer-Fredholm 
index of the operator PuP acting on PH. When M = C(7i) and T>q is part of an Z^ 1 ' 00 ) 
summable spectral triple the most general such theorem in this type / situation is that due 
to [40] who show show that 

ind(PuP) = ^(upo.ullPol -1 ). 
We now show that this formula holds when J\f is a general semifinite von Neumann algebra. 

Remark. Of course [40] consider a much more general situation which would apply for example 
in the case where T>q is part of an £(p>°°) summable spectral triple. The authors obtain a very 
general formula for the index of PuP in terms of sums of residues of zeta functions constructed 
from T>q under certain assumptions on the analytic properties of these zeta functions. Some, 
but not all, of the zeta functions in their formula are Dixmier traces. We will not attempt to 
describe this result here as there is an excellent overview in the article [64]. The theorem in 
[40] is proved for the type I case and its generalisation to the semifinite von Neumann algebra 
setting is achieved in [21, 22]. 

We need a preliminary result, [25] Lemma 6.1. 

Lemma 13.1. Let Dq be an unbounded self-adjoint operator affiliated with J\f so that (1 + 
L>o)~ 1/2 is in cl (1,oo) . Let A t and B be in M for t G [0, 1] with A t self-adjoint and t h-> A t 
continuous. Let D t = Dq + A t and let p be a real number with 1 < p < 4/3. Then, the 
quantity 

r (B{1 + Dl)~ p / 2 - B{1 + A 2 )" P/2 ) 
is uniformly bounded independent of t G [0, 1] and p G (1,4/3). 

Theorem 13.2. Let (M,T>q) be a Z^ 1 - 00 ) -summable Breuer-Fredholm module for the unital 
Banach *-algebra, A, and let u G A be a unitary such that [2?0) w ] is bounded. Let P be the 
projection on the non-negative spectral subspace of Vq. Then with uj chosen as in Corollary 
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4.8, 

ind(PuP) = sf(V ,uV u*) = lim h p -l) T (u[V , u*](l + V 2 )~p/ 2 ) 

= ^r w («[2? ,«1(l + ^)- 1/2 ) 

= -^(^[Po^ii^or 1 ) 

where the last equality only holds if V has a bounded inverse. 
Remark 13.3. (1) The equality 

(23) ind(PuP) = ^HDoXllAir 1 ) 

proved above should be compared with Theorem IV. 2. 8 of [31]. In the case where N = C{7i) 
the RHS of (23) is a Hochschild 1— cocycle on A which is known to equal the Chern character 
of the £( 1,00 )-summable Fredholm module (A,T>q,TI) . 

(2) Since any 1-summable module is clearly a Z^ 1 ' 00 ) -summable module, the theorem 
implies that any unbounded 1-summable module must have a trivial pairing with K\(A) and 
is therefore uninteresting from the homological point of view. 



Proof. Let V? = V + tu[V , u*\, t £ [0, 1] then by equation (2) of Section 2.1 (of [20]) we 
have for each p > 1 that 

ind(PuP) = J- f\ (u[V ,u*](l + (V?) 2 y p/2 ) dt. 

Cp/2 JO V 7 

Now, by Lemma 13.1, we have that 

r {u[V ,u*} [(1 + {V'tfyvl 2 - (1 +D 2 )- p/2 ]) 

is uniformly bounded independent of t and p for 1 < p < 4/3. Since, C p / 2 —>■ oo as p — > 1 + , 
we see that: 

id(PuP) - J-r («[2? ,«*](1 +^o 2 ) _p/2 ) 

L-p/2 V 7 

^- /^(„[P ,„*](l + (2? t «) 2 )-P/ 2 )dt- J- / 1 r(«[P ,«1(l + ^r , ' /2 )<ft 

y p/ 2 -'O V 7 °p/2 JO v 7 

-fr f«[2? ,«*] f(l + 0PD 2 r p/2 - (1 +^o 2 )" p/2 l) 

p/2 Jo V L J 7 

^ Constant /Cp/2 — ► 0. 
Now, it is elementary that as j> — ► 1 + 
2 



dx ~ 



dx = C p /2- 



This ends the proof of the first equality while the second equality follows from Theorem 10.8(i). 
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The third equality follows from 

(V 1+p o) 1 - i^or 1 = Vor 1 (^i+p 2 + ip i) 

□ 

14. Non-smooth foliations and pseudo-differential operators 

In this Section we give a further application of the earlier results following [10] and [83]. The 
main aim of Prinzis' thesis [83] was to establish a Wodzicki residue formula for the Dixmier 
trace of certain pseudo-differential operators associated to actions of R n on a compact space 
A. This was greatly generalised in [10], however to cover that paper in detail would require 
an extensive discussion of foliations, thus we restrict ourselves here to a synopsis of the simple 
case in [83]. 

The set-up is the group-measure space construction of Murray-von Neumann. Thus A is a 
compact space equipped with a probability measure v and a continuous free minimal ergodic 
action a of R n on X leaving v invariant. We write the action as x — ► t.x for x G X 
and t G W 1 . Then the crossed product L 00 (X, v) x a R n is a type II factor contained in 
the bounded operators on L 2 (R n , L 2 (X , u)) . We describe the construction. For a function 
/ G L 1 (R,L 0O (.X») C Loo(X,u) x a R n the action of / on a vector f in L 2 (R n , L 2 (X, v)) is 
defined by twisted left convolution as follows: 

(*(/)0(«)= / a-\f{tms-t)dt. 
Jk 71 

Here f(t) is a function on A" acting as a multiplication operator on L 2 (X, v). The twisted 
convolution algebra 

L 1 (R n , L^X, v)) n L 2 (R n , L 2 (X, v)) 

is a dense subspace of L 2 (M n , L 2 (X, v)) and there is a canonical faithful, normal, semifinite 
trace, Tr , on the von Neumann algebra that it generates. This von Neumann algebra is 

M = (7f(L 00 (X, v) x a R n ))". 

For functions /, g : R n — > ^^(X) which are in L 2 (M n , L 2 (X, u)) and whose twisted left 
convolutions Tr(f ),Tt(g) define bounded operators on L 2 (R n , L 2 (X, v)) , this trace is given by: 

Tr(*(f)*ir(g)) = [ [ f{t,x)g{t,x)*du{x)dt 
where we think of /, g as functions on R n x X . 

Identify L 2 (R n ) with L 2 (R n ) ® 1 C L 2 (R, L 2 (X, v)) then any scalar-valued function / 
on R n which is the Fourier transform / = g of a bounded L 2 function, g will satisfy / G 
L 2 (R, L 2 (X, v)) and #(/) will be a bounded operator. 

Pseudo-differential operators are defined in terms of their symbols. A smooth symbol of order 
m is a function a : X x R n — > C such that for each x G A , defined by a x {t,£) = a(t.x, £) , 
satisfies 

(1) supflS^asfoOCl + |^|)- m+l/31 | G R n x M n ,/3, 7 G N n ,|/3| + | 7 | < M} < oo for all 

M G N 
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(2) £ — > a x (0,£) is a smooth function on R n into the space C°°(A), the set of continuous 
functions / on X such that t — ► (x — > f(t.x)) is smooth on M ra . 

Each symbol a defines a pseudo-differential operator Op(a) on C(X) <S> C£°(R n ) (where 
C£°(]R n ) is the space of smooth functions of compact support) by 

Op(a)f(x,t) = [ j*a(t.x,S)f(x,S)dt, f G C(X) ® C c °°(K n ). 

(271")™ J R n 

The principal symbol of a pseudo-differential operator A on I is the limit 

a m (A)(x,0 = lim G X x M"\{0} 

A-+00 A 

if it exists. We say A is elliptic if its symbol a is such that a x is elliptic (that is invertible for all 
sufficiently large £ ) for all x £ X . Prinzis studies invertible positive elliptic pseudo-differential 
operators A with a principal symbol. Henceforth we will only consider such operators. The 
zeta function of such an operator is ((z) = t(A z ) and this exists because A z is in the trace 
class in N [83] for Rez < —n/m. Prinzis shows that 

(24) lim (x + -)C(x) = -— Ij- / a m (A)(x,0-™du(x)dt 

m (2vr) n m 7 Xx5 n-i 

and that A"m G £( 1 ' 0O )(A/', r) . 

Now note that (24) combined with Theorem 12.4 implies that we have the relation 

n 1 f n 

t u ,(A-%) = —— a m (A)(x,Z)-™dv(x)dt. 
(2-K) n n JxxS"-i 

In other words we have a type II Wodzicki residue for evaluating the Dixmier trace of these 
pseudo-differential operators. 

Now, [10] considers the case of measured foliations in the sense of [36]. Thus the leaves of the 
foliation are no longer given by an action of W 1 as above but are more general submanifolds. 
The main result of [10] on this topic is a formula for the Dixmier trace of certain pseudo- 
differential operators in terms of a local residue where the latter is a generalisation of the 
Wodzicki residue to the foliation setting. 

15. The algebra of almost periodic functions. 
This section is adapted from [9]. 

15.1. Almost periodic pseudodifferential operators. We review Shubin's [89] study of 
the index theory of differential operators with almost periodic coefficients which extends ideas 
of [27]. Recall that a trigonometric function is a finite linear combination of exponential 
functions : x ^ e l < x £> _ xhe space Trig(M n ) of trigonometric functions is a *— subalgebra 
of the C*— algebra Cb(W n ) of continuous bounded functions. The uniform closure of Trig(M ra ) 
is called the algebra of almost periodic functions and denoted AP(M. n ). This C* — algebra 
is isomorphic to the algebra of continuous functions on , the Bohr compactification of 
W 1 . Addition in W 1 extends to which is a compact abelian group containing W l as a 
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dense subgroup. The normalized Haar measure on R B is such that the family (eg)g g ]Rn is 
orthonormal. The measure as is given for any almost periodic function / on R n by: 

a B (f) ■= hm — — / f(x)dx. 

Using «b one defines the Hilbert space completion L 2 (R B ) of Trig(M n ). This Hilbert space 
has an orthonormal basis given by (e f ) 5gR n. The Fourier transform T B ■ ^ 2 (^) — ► L 2 (W B ) 
is given by: 

Fb($z) = eg, with S^(rf) = S^ v , 

where 5^ >rj is the Kronecker symbol. We shall denote by T the usual Fourier transform on the 
abelian group W 1 with its usual Lebesgue measure. 

The action of W 1 on by translations yields a topological dynamical system whose nat- 
urally associated von Neumann algebra is the crossed product L OQ (W B ) x W 1 . It is more 
convenient for applications to consider the commutant of this von Neumann algebra denoting 
it by N . It is also a crossed product, namely the von Neumann algebra L 00 (M n ) x W^. Then 
AT is a type IIqo factor with a faithful normal semifinite trace r. It can be described as the 
set of Borel essentially bounded families (A^)^^ of bounded operators in L 2 (M ra ) which are 
R n — equivariant, i.e. such that 

Here and in the sequel we denote by conjugation of any operator with the translation T M 
so that ct^(B) = T-^BT^. If we denote by the operator of multiplication by a bounded 
function (p , then examples of such families are given for any A by the families 

We choose the Fourier transform 

Then the von Neumann algebra Af can be defined [27] as the completion in the Hilbert space 
H = L 2 (W l ) ® L 2 (WL%) of the set of operators {M ex ® M ex ,T x <g> 1} when A ranges over W n . 

There is a natural way to embed the C* — algebra AP(R n ) in Af by setting 

tt(/) := MMf))^ 

This family then belongs to Af and it is clearly faithful. Viewed as an operator on TC, ir(f) 
is given by 7r(f)(g)(x, fi) = f(x + fi)g(x, /i) . If B = is a positive element of Af , then we 

define the expectation E(B) as the Haar integral: 

E{B) := [ B^daeifi). 

Since the family B and a B are translation invariant, the operator E(B) clearly commutes 
with the translations in L 2 (R n ) and is therefore given by a Fourier multiplier M(ipb) with 
(fB a positive element of L°°(R n ). Recall that the Fourier multiplier M(^b) is conjugation 
of the multiplication operator M v by the Fourier transform, i.e. M(lpb) = M^J- ' . When 
the function ip is in the Schwartz space, the operator M(ip B ) is convolution by the Schwartz 
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function ^^72 F V- Hence the expectation E takes values in the von Neumann algebra 
M(L°°(IR n )), i.e. 

E : N — ► M(L°°(R n )). 

Now, using the usual Lebesgue integral on M n , and the normalisation of Coburn et al[27] we 
introduce the following definition of the trace r : 

t(B) = [ <p B (()d(. 

Lemma 15.1. [27] The map r is, up to constant, the unique positive normal faithful semifinite 
trace on N . 



Consider the trace on J\f evaluated on an operator of the form M a K where a is almost 
periodic and K is a convolution operator on L 2 (W l ) arising from multiplication by an L 1 
function k on the Fourier transform. We have, 

r{M a K) = lim -±- ! a{x)dx f fc(CR- 

More generally, any pseudodifferential operator A on L 2 (R n ,C N ) with almost periodic coef- 
ficients of nonpositive order m acting on C^— valued functions, can be viewed as a family 
over of pseudodifferential operators on M n . To do this first take the symbol a of A , then 
the operator cr^A) is the pseudodifferential operator with almost periodic coefficients whose 
symbol is 

{x,0 ' — ► a(x + (!,£). 

When m ^ 0, we obtain, in this way, an element of Af ■ We denote by the algebra 

of pseudodifferential operators with almost periodic coefficients and with non positive order. 
When the order m of A is > then the operator A^ given by the family (a^A))^^™ is 

affiliated with N . If the order m of A is < — n, then the bounded operator A^ is trace class 
with respect to the trace r on the von Neumann algebra AT® Mtv(C) [88, Proposition 3.3] and 
we have: 

r (^)= 1™ WF^I Tr(a(x,0)dxd( 

T^ + OO (21 ) J(_ Tj+T )n xR n 

Indeed, the expectation E(A^) is a pseudodifferential operator on M n with symbol denoted by 
E{a) and is independent of the x— variable, it is given by: 



£(a)(C)= lim — — / a(x,Qdx. 

T^+OO (21 ) n J(_ T +T \n 



l(~T,+T) n 

Hence the operator E(A*) is precisely the Fourier multiplier M{E(a)) and so: 



= / Tr(E(a)(0)d(. 



Let be the space of one step polyhomogeneous classical pseudodifferential operators on 

R n with almost periodic coefficients. 

Theorem 15.2. Let A be a (scalar) pseudodifferential operator with almost periodic co- 
efficients on R n . We assume that the order m of A is ^ — n and we denote by a_ n the 
—n homogeneous part of the symbol a. Then the operator A$ belongs to the Dixmier ideal 
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£ 1 '°°(AA, r). Moreover, the Dixmier trace t w (A$) of A$ associated with a limiting process oj 
does not depend on lo and is given by the formula: 



T u) {A i ) = - I a- n (x,()da B {x)d(. 



Proof. We denote as usual by A the Laplace operator on M. n . The operator A(l + A) n / 2 
is then a pseudo differential operator with almost periodic coefficients and nonpositive order. 
Hence, the operator [A(l + A)™/ 2 ]* = A i (l + A*)"/ 2 belongs to the von Neumann algebra jV. 
Now the operator (l + A") -n / 2 is a Fourier multiplier defined by the function £ i— > (f + £ 2 ) _n / 2 . 
Hence if, for A > 0, E\ is the spectral projection of the operator (f + A)~ ra / 2 corresponding 
to the interval (0, A) then the operator 1 — E\ is a Fourier multiplier as well. Let us suppose 
it is defined by the function £ ^ f\((( 2 + l)~ ra / 2 ). It follows that the trace r of the operator 
I — E\ is given by 

It is easy to compute this integral and to show that it is proportional to j . So the infimum of 
those A for which r(l— E\) ^ t is precisely proportional to \. Hence the operator (l+A^) - ™/ 2 , 
and hence A, belongs to the Dixmier ideal >C 1,00 (A^, r) . 

In order to compute the Dixmier trace of the operator A, we apply [89, Theorem 10. 1] to 
deduce that the spectral r— density N A (X) of A has the asymptotic expansion 

N A (X) = ^-(l + o(l)), A^+oo, 

where jo(A) is given by: 

7o (A) = - / a- n {x,()da B {x)d(. 

Now, if A is positive then by [10, Proposition 1]: 

t u (A)= lim XN A (X)= l0 (A). 

This proves the theorem for positive A. Since the principal symbol map is a homomorphism, 
we deduce the result for general A . □ 

The normalisation we have chosen for the trace in the von Neumann setting of this Section 
eliminates a factor of ^ 2 ^„ which occurs on the Wodzicki residue in the type / theory. 



15.2. Almost periodic spectral triple. We denote by A the *-subalgebra of AP°°(M ra ) of 
smooth almost periodic functions on W 1 . We take the Hilbert space on which the algebra M 
acts to be B 2 (W l ) <g) L 2 (M n ) where B 2 (W l ) is the Hilbert space of almost periodic functions 
on W 1 where the norm and inner product are given by the restriction of the Haar trace on 
AP°°(W l ) to A (note that B 2 (R n ) ^ i 2 ^))- This tyP e /J °o von Neumann algebra is 
endowed with a faithful normal semifinite trace that we denote by r. (We note that the 
explicit formula for r is as given in the previous subsection.) 

The usual Dirac operator on W 1 is denoted by T>o . So, if S is the spin representation of R n 
then Vq acts on smooth S— valued functions on W 1 . The operator Vq is Z n — periodic and it 



18 



is affiliated with the von Neumann algebra A/5 = N <8> End(5) . This latter is also a type 11^ 
von Neumann algebra with the trace r <S> tr . More generally, for any N ^ 1 , we shall denote 
by A/^jv the von Neumann algebra M <g) End(5 ® C^) with the trace r <8> tr. 

The algebra A and its closure are faithfully represented as *— subalgebras of the von Neu- 
mann algebra A/5. In the same way the algebra A® Mn(C) can be viewed as a *— subalgebra 
of J\fs,N ■ More precisely, if a G A then the operator defined by 

(Jf)(x,y) :=a(x + y)f(x,y), V/ € B 2 (R n ) L 2 (M n ), 

belongs to Ms,n ■ The operator is just the one associated with the zero-th order differential 
operator corresponding to multiplication by a. The same formula allows to represent A in 
A/5. 

Proposition 15.3. The triple (A,J\fs,1^l) is a semifinite spectral triple of finite dimension 
equal to n . 

Proof. Note that the algebra A is unital. The differential operator T>o is known to be elliptic 
periodic and self-adjoint on R n . Therefore, the operator T>\ is affiliated with the von Neumann 
algebra A/5 and it is self-adjoint as a densely defined unbounded operator on the Hilbert space 
B 2 (R n ) ® L 2 (K n ) with V\ = A ® Id with A the usual Laplacian. For any smooth almost 
periodic function / on K n , the commutator [Vq, f] is a 0— th order almost periodic differential 
operator and so [Pq, /] belongs to the von Neumann algebra M . 

On the other hand, the pseudo differential operator T = (A + /) -1 / 2 is the Fourier multiplier 
associated with the function k i-> ^^2^1/2 • Therefore, its singular numbers Ht(T) can be 

computed explicitly as in the proof of Theorem 15.2 and shown to be proportional to t~ l l n . 
□ 

16. Lesch's Index Theorem 

In this Section we describe (following [25]) a proof of an index theorem due to M. Lesch 
[70] (see also [82]) for Toeplitz operators with noncommutative symbol that relies on the zeta 
function approach to the Dixmier trace. We begin with a unital C* -algebra A with a faithful 
finite trace, T4 satisfying r^(l) = 1 and a continuous action a of R on A leaving T4 invariant. 

We let H TA denote the Hilbert space completion of A in the inner product (a\b) = r(b*a). 
Then A is a Hilbert algebra and the left regular representation of A on itself extends by 
continuity to a representation, a 1— ► tt ta (o) of A on H TA [42]. In what follows, we will drop 
the notation -k ta and just denote the action of A on H TA by juxtaposition. 

We now look at the induced representation, #, of the crossed product C* -algebra A x a R 
on L 2 (M, H TA ). That is, tt is the representation it x A obtained from the covariant pair, (71", A) 
of representations of the system (A,M.,a) defined for a G A, t, s G M and £ G L 2 (IR, H TA ) by: 

(7r(a)0(s)=ar 1 (a)CW 

and 

MOW = £(*-*)■ 
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Then, for a function x G ^(R, A) C A x a R, the action of tt(x) on a vector £ in L 2 (R, H TA ) 
is defined as follows: 

/oo 
-oo 

Now the twisted convolution algebra L 1 (M, „4) flL 2 (M, H T ) is a dense subspace of L 2 (R, H T ) 
and also a Hilbert algebra in the given inner product. As such, there is a canonical faithful, 
normal, semifinite trace, r, on the von Neumann algebra 

J\f = (tt(A x a R))". 

For functions x, y : R — > A C i? r ^ which are in L 2 (R, H TA ) and whose twisted left convolutions 
7r(x),7f(y) define bounded operators on L 2 (R, H TA ) , this trace is given by: 

/oo 
T A (x(t)y(t)*)dt. 
-oo 

In particular, if we identify L 2 (M) = L 2 (R) (g> 1_4 C L 2 (M, H TA ) then any scalar- valued 
function x on R which is the Fourier transform x = f of a bounded L 2 function, / will have 
the properties that x £ L 2 (R, H TA ) and 7f (x) is a bounded operator. For such scalar functions 
x, the operator tt(x) is just the usual convolution by the function x and is usually denoted 
by X(x) since it is just the integrated form of A. The next Lemma follows easily from these 
considerations. 

Lemma 16.1. With the hypotheses and notation discussed above 

(i) if h € L 2 (R) with X(h) bounded and a G A, then defining / : R — ► H T via f(t) = ah(t) 
we see that / G L 2 (M,i7 T ^) and #(/) = 7r(a)A(/i) is bounded, 

(ii) if g € L^M) n and a <E A then 7r(a)A(p) is trace-class in N and 

/oo 
0(t)dt. 
-oo 

Proof. To see part (i), let £eC c (R,H TA )C L 2 (R,H TA ). Then 

/oo 
^(/(tMs-tJcfc 
-oo 

/oo 
a7 1 (a)/i(t)^(s - t)dt 
-oo 

/oo 
/i(t)e(s - t)<tt 
-oo 

= « s - 1 (a)(A(^)( S ) 
= (n(a)\(h)0(s). 

To see part (ii) we can assume that g is nonnegative and a is self-adjoint. Then let g = 
g 1/2 g 1/2 so that g 1 / 2 € L 2 n L°° and so A(gV2) i s bounded. Now, 

7r(a)A(?) = vr(a)A( 5 V 2 )7r(U)A( 5 V 2 ). 
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Then, 7r(a)X(g 1 / 2 ) = tt(x) where x(t) = ag 1 / 2 ^) and T\-(\_A)X(g 1 / 2 ) = Tt(y) where y(t) 
l v 45 1 / 2 (t). So, 7r(x) and Tt(y) are in N sa and Tr(a)X(g) = Tt(x)it(y). 

Hence, 

T(ir(a)\{g)) = r(vr(x)vr(y)) 

r(x(t)y(t))dt 



f 

J —(. 

/oo ... 2 /*oo 
5 i/2(f) dt = r^(a) / s(s)ds. 
-oo J —oo 



□ 



By construction is a semifinite von Neumann algebra with faithful, normal, semifinite 
trace, r, and a faithful representation it : A — > [42]. For each t £ E, is a unitary in 
U(N). In fact the one-parameter unitary group {X t \ t G M} can be written A t = e 1 * where 
P is the unbounded self-adjoint operator 

1 d 
V = 

2ni ds 

which is affiliated with J\f . In the Fourier transform picture (i.e., the spectral picture for T>) of 
the previous proposition, V becomes multiplication by the independent variable and so f(T>) 
becomes pointwise multiplication by the function / . That is, 

m = a(/) = f(v). 

And, hence, if / is a bounded L 1 function, then: 

/oo 
f(t)dt. 
-oo 

By this discussion and the previous lemma, we have the following result 

Lemma 16.2. If / € L^R) n L°°(R) and a £ A then n(a)f(V) is trace-class in N and 

/oo 
f(t)dt. 
-oo 

We let S be the densely defined (unbounded) * -derivation on A which is the infinitesimal 
generator of the representation a : R — > Aut(A) and let 8 be the unbounded * -derivation 
on N which is the infinitesimal generator of the representation Ad o A : R — > ^4ut(AA) (here 
Ad(A() denotes conjugation by Xf • Xt). Now if a G dom(5) then clearly 7r(a) G dom(5) and 
7r(5(a)) = <5(7r(a)). By [12] Proposition 3.2.55 (and its proof) we have that ir(5(a)) leaves the 
domain of T> invariant and 

ix(b(a)) = 2m[V,TT(a)\. 
We are now in a position to state and prove Lesch's index theorem. 

Theorem 16.3 ([25]). Let T4 be a faithful finite trace on the unital C*-algebra, A, which is 
invariant for an action a of R. Let N be the semifinite von Neumann algebra (it (A x a R))", 
and let T> be the infinitesimal generator of the canonical representation A of K in U (Af) . 
Then, the representation ir : A — > M defines a C^ 1 ' 00 ^ summable Breuer-Fredholm module 
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(M,T>) for A. Moreover, if P is the nonnegative spectral projection for V and u £ U(A) is 
also in the domain of 5, then T u := Pir(u)P is Breuer-Fredholm in PNP and 

ind(T tt ) = -L r («J(u*)). 

Z7TZ 

Proof. It is easy to see that V satisfies (1 + 2? 2 ) -1 / 2 e £( 1,oc ). By the previous discussion, 
for any a 6 dom(5) we have 7r((5(a)) = 27ri[D, 7r(a)]. Since the domain of <5 is dense in .A we 
see that ir defines a summable Breuer-Fredholm module for A. 



By Theorem 13.2, 



and hence 



ind(T u ) = lim -(p - l)Tr(ir(«)[D, tt(u*)](1 + P 2 )- p / 2 ) 
p— >i+ 2 



md(T u ) = lim I(p-l)-I T Tr(7r( U( 5K))(l+P 2 )- p / 2 ) 

1 1 f 00 

= p hm -(p - l)— T (uS(u*)) J Jl + t 2 y p/2 dt 



□ 



17. The Hochschild Class of the Chern Character 

The theorem we discuss in this Section, for J\f = C(7i) and 1 < p < oo {p integral), 
was proved in lectures by Alain Connes at the College de France in 1990. A version of this 
argument appeared in [57]. The extension of this argument to general semifinite von Neumann 
algebras, with the additional hypothesis that the unbounded self-adjoint operator T> (which 
will form part of a spectral triple) have bounded inverse, is presented by Benameur and Fack, 
[10]. A simpler strategy using the pseudodifferential calculus of Connes-Moscovici, [40], was 
communicated to us by Nigel Higson. In conjunction with the results in [25], Higson's argument 
appears to generalise to the semifinite case, however, we will not describe the details here 
focusing instead on another approach. 

In [21] the theorems of Connes and Benameur-Fack were extended. First a proof was given 
for the case p = 1 and second the hypothesis, in the type 11^ case, that V has bounded 
inverse was removed. This is crucial due to the 'zero-in-the-spectrum' phenomenon for V . 
That is, for type II M , zero is generically in the point and/or continuous spectrum, [54] and 
hence we are not dealing with just the simple problem that arises in the type I case posed 
by a finite dimensional kernel. One feature of the approach in [21] is that the strategy of the 
proof is the same for all p ^ 1 , and is independent of the type of the von Neumann algebra 
M. 

We explain the general semifinite version of the type / result in [31, IV. 2. 7] which identifies 
the Hochschild class of the Chern character of a (p, 00) -summable spectral triple. 
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Theorem 17.1. Let (A, H,V) be a QC k (p, oo)-summable spectral triple with p ^ 1 integral 
and k = max{2,p — 2} . Then 

1) A Hochschild cocycle on A is defined by 

<p u (ao, op) = \ p T u {Ta [V, ai] ■ ■ ■ [V, a p ](l + P 2 )-?/ 2 ), 

2) For all Hochschild p-cycles c G C P (.A) (i.e., 6c = 0), 

(<Pw,c) = (Ch FT ,,c), 

where Chp^ is the Chern character in cyclic cohomology of the pre-Fredholm module over A 
with F-d = V(l + V 2 )~ 1 / 2 . 

Remark 17.2. Here t w is the Dixmier trace associated to any state uj G 

The two most important corollaries of Theorem 17.1 are the following. 

Corollary 17.3. Let (A,H,V) be as in Theorem 17.1. If c = ^ aj, <g> a\ <g> ■ ■ ■ <g> a p is a 
Hochschild p-cycle, then 

r^4[P,ai]---[P,a p ](l+P 2 )-f/ 2 

i 

is (Dixmier)-measurable. 

This corollary is relevant to the axioms of noncommutative spin geometry since it tells us 
that when we use the noncommutative integration theory provided by the Dixmier trace we 
do not need to worry which functional to we use to define the integration when we apply it to 
Hochschild cycles. 

Corollary 17.4. With (A,H,V) as in Theorem 17.1, and supposing that CHf^ pairs non- 
trivially with HH p (A), then 

T w ((l+P 2 )-f/ 2 )/0. 

Remark 17.5. The hypothesis of the Corollary is that there exists some Hochschild p-cycle 
such that (IChp^jC) ^ (where / is the map defined by Connes, [31] subsection III.I.7 pp 
199-200). Computing this pairing using Theorem 17.1 above, we see that (1 + V 2 )~ p / 2 can 
not have zero Dixmier trace for any choice of Dixmier functional u> . For if (1 + V 2 )~ p l 2 did 
have vanishing Dixmier trace, and c = ^ a l ® • • • <8> a p is any Hochschild cycle 

\(ICh Fv ,c)\ = ^r w (r4[P,ai]---[P,a p ](l + P 2 )-^ 2 ) 

i 

< J2\\rai[V,a{}---[V,a P ] \\ Tu) ((1 + V 2 )^ 2 ) = 0. 

i 

Hence if the pairing is nontrivial, the Dixmier trace can not vanish on (1 + D 2 )~p/ 2 . 

There are subtle points in the proof. One first assumes that the triple triple (A,Ti.,T>) has 

^ ^ j if necessary). 

Then one needs to verify that (p^ in Theorem 17.1 does not depend on this replacement. One 
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also requires the verification that the functional ip w is indeed a Hochschild cocycle but this 
quite simple. 

Lemma 17.6. Let p ^ 1 and suppose that (A, H,T>) is a QC 1 (p, oo)-summable spectral 
triple. Then the multilinear functional 

<p u (ao, op) = X p TU^a [V, oi] ■ ■ • [V, a p ](l + D 2 )-?/ 2 ) 

is a Hochschild cocycle. 

Proof. By Lemma 3 of [21] and the trace property of the Dixmier trace, we have 
(b Vu! )(a ,...,a p ) = (-l) p - 1 \ p Tu(Ta [V,a 1 ]---[V,a p _ 1 ]a p (l+V 2 yP/ 2 ) 

-(-I)'" 1 V w (roo[2?, ai] ■ ■ ■ [D, ap_i](l + P 2 )" p/2 a p ). 

As (A,H,V) is QC 1 , 

p-i 

[(1 + 2 ?2)-p/2 j ap ] = _ ^(1 + 2?2)-(p-fc)/2[ (1 + p2 ) l/2 ) ap](1 + p 2 ) -(l +fe )/2 ) 

fc=0 

and this is trace class. So a p (l + V 2 )~ p l 2 = (1 + 2? 2 ) _p / 2 a p modulo trace class operators, and 
so the two terms above cancel. □ 

18. LlDSKII TYPE FORMULA FOR DlXMIER TRACES 

A semifinite analogue of the classical Lidskii theorem stated in terms of the (so-called) Brown 
spectral measure of T £ J\f asserts [16] that 

r(T) = f XdnT(X). 

Ja(T)\{0} 

In the case, when J\f = C(7i) and r is the standard trace Tr the equality above reduces 
to the classical case asserting that the trace Tr(T) of an arbitrary trace class operator T is 
given by the sum ^ A(T), where {A„(T)} ra ^i is the sequence of eigenvalues of T, arranged in 

decreasing order of absolute values of X n and counting multiplicities. Note, that in the case T ^ 
0, the equality Tr(T) = ^ A n (T) follows immediately from the spectral theorem for compact 

operators. If T* = T, then again, by the spectral theorem we can select the orthonormal basis 
of Tt consisting of eigenvalues of T and still infer Lidskii's theorem without any difficulty 
Here it is worth observing that the assumption T* = T belongs to the ideal C l {H) of all trace 
class operators on H implies the absolute convergence of the series Yl \^n(T)\. The latter 

fact guarantees the convergence of the series Yl A n (T) in whatever ordering of the set of all 

eigenvalues for T is chosen (in particular, for the decreasing ordering of absolute values of T). 

The core difference of this situation with the setting of Dixmier traces consists in the fact 
that the series Yl \^n(T)\ diverges for every normal T G C^°°\H) \ C l (H). Therefore, even 

though for a given T = T* G C^'°°\n) we define r w (T) as the difference r w (T + ) - r w (T_) 
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N 

where each number is computed according to the definition w-lim i^^jqr^ E A n (T-j-), it is 
by no means clear that we have 



N 



tJT) = w-lim > A n (T) 

v ' jV-xx> log(l + N) ^ v 7 

v n=l 

for the special enumeration of the set {A„(T)} ra ^i given by the decreasing order of absolute 
values of |A n (T)|; or for that matter for any enumeration of this set. This difficulty becomes 
even more pronounced in the case of a general semifinite von Neumann albegra. 

Note that the restriction fi t (T) ^ t ^ 1 imposed on T £ £^'°°\Af, t) in the theorem 
below, implies that T belongs to the ideal N(^i)(J\f, r) (see the definition of ip\ in Section 2.1 
and the definition of r.i. ideal N(^) in Section 2.2). Everywhere below, we assume that 
to £ CD(W^_) (see Section 5.2). When we apply w to a sequence x £ loo , we identify x with 
its image i(x) in Loo(M + ) (see Remark 5.3). 

Theorem 18.1 ([8]). (i). If (N,t) is a semifinite von Numann albegra and T £ 
£(!.«>) (JS/- >T ) satisfies ^(T) f , t ^ 1 for some C > 0, then 



Tu,(T) = uj- lim - — ; / A^ut-(A). 



t^oo log(l +t) A^iG' 

(ii). Let T be a compact operator on a Hilbert space such that /i re (T) ^ ^, n ^ 1 for 
some C > 0. Let Ai, A2, . . . be the list of eigenvalues of the operator T counted with 
multiplicities such that |Ai| ^ | A2 1 ^ • • ■ • Then 

1 1 N 

(25) tJT) = ulim - — V Au T (A) = w-lim - — — 

V 7 ^ ' t-oo log(l + t) , P V 7 JV^oo log(l + iV) ^ ' 

where ^t(A) is the algebraic multiplicity of the eigenvalue A and G is an arbitrary 
bounded neighborhood of € C. 



Here, we emphasize the fact that G is an arbitrary bounded neighborhood of 0. In the case 
N = C{H) , formula (25) says that we need to compute the sum of all eigenvalues Aj(T) which 
do not belong to the "squeezed" neighborhood jG as t — > 00 and then to apply w-limit. It 
is interesting to emphasize the special case of formula (25) for measurable operators belonging 
to the ideal N(ipi). The result below should be compared with the results of Theorems 6.6 
and 6.7. 

Corollary 18.2. If T is a (Connes-Dixmier) measurable operator satisfying the assumption 
of Theorem 18.1 (i) (respectively, (ii)), then 

TUT) = & bg(T+t) h kG MMX) ( r6Sp - = JSo ioioTiV) g X ) ' 



for every u £ CD(R+). 
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Fix an orthonormal basis in 7i and identify every element x G CiTL) with its matrix 
(xij)i°j=i- It is well-known [56] that the triangular truncation operator T given by 



%{x) 



0, i < j 



acts boundedly from the trace class ^(H) into £( 1,00 )(W). Noting that T(x) — diag(x) is 
quasinilpotent for every x G C^iTL), we obtain the following 

Corollary 18.3. The operator T(x) is Connes-Dixmier measurable for every x G C l {TL), 
moreover t w (T(x)) = 0, w G CD(M^). 

We conclude with the following result immediately following from Theorem 18.1 (see also [52, 
Proposition 1]). 

Corollary 18.4. Let M be a compact n-dimensional Riemannian manifold and let T be a 
pseudodifferential operator of order — n on M. Then 

1 N 

tJT)= lim -VAfc. 

& k=i 
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